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Computing unsegmented product maps from preference data by
means of single ideal point models is commonly thought to be impossible
because of indeterminacy problems. The authors show that this mathe-
matical indeterminacy can be overcome by incorporating dependent sam-
pling assumptions into a probabilistic multidimensional scaling (MDS)
model. As a result, product space maps can be estimated for single mar-
kets from preference data alone. If desired, dissimilarity data can be com-
bined with preference data to produce jointly estimated product space
maps. The authors illustrate the advantages of the proposed approach *
with real and simulated data. They also make comparisons to both inter-
nal and external deterministic models. The results are favorable.

A Single Ideal Point Model for Market

We define market structure analysis as a process for rep-
resenting the interrelationships of a set of products or brands
in a way that reflects consumers’ evaluations of the items in
the set (Elrod 1991; Grover and Dillon 1985). The set may
consist of competing brands in a particular product category
or cross category products that are being considered for a
particular occasion, such as choosing an entertainment alter-
native, selecting a residence, deciding where to. go on vaca-
tion, or purchasing a gift (Bettman and Sujan 1987; Johnson
1989).

Ideal point models are commonly used to describe market
structures in which one or more products can have too much
or too little of at least one characteristic—a beverage may be
too sweet or not sweet enough, a vacation alternative may be
too “posh” or not “posh” enough. Ideal point models are
spatial models in which the preference of a consumer or
consumer segment for a product is an inverse function of the
distance between the point that represents the product and
the ideal point that represents the consumer (Carroll 1972;
DeSarbo, De Soete, and Eliashberg 1987; DeSarbo et al.
1990; DeSarbo and Rao 1986; De Soete, Carroll, and
DeSarbo, 1986; Elrod 1988; Gaul 1989; Green, Carmone,
and Smith 1989; Jedidi and DeSarbo 1991; Kamakura and
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Srivastava 1986; MacKay and Droge 1990; Zinnes and
MacKay 1992). Like other spatial models, ideal point mod-
els assume that the coordinate dimensions are continuous
variables. Aspatial models, which typically represent brands
and customers as terminal nodes of some tree structure, pro-
vide an altemative approach to market structure analysis (for
a recent review of aspatial models, see DeSarbo, Manrai,
and Manrai 1993).

Sometimes there is a need to estimate a market or market
segment structure with a single ideal point. This need occurs
when a single ideal point is desired for an entire market or
when a market segment must be evaluated by itself, because
the other segments do not perceive the products in the same
or closely related ways. For example, a comparison of the
home, business, and educational markets for personal com-
puters, which involves three ideal points, may be represent-
ed best by three separate single ideal point analyses if the
three segments perceive the interrelationships among the
products very differently. When there is little discemible dif-
ference in how market segments perceive products, then a
single solution with multiple ideal points should be favored
over multiple solutions with single ideal points because of
the single solution’s greater simplicity.

It is relatively easy to estimate the location of a single
ideal point using an external analysis in which the points
defining the products are assumed to be known before the
analysis begins. This typically happens when similarity data
have been analyzed and perceptual maps of the products
have been obtained. When this has not been done and pref-
erence data only are available, an internal analysis is
required. Then, it is necessary to estimate simultaneously
the locations of both the ideal points and the product points
from only the preference data.
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When similarity data are available, an internal analysis
may still be desired if it is thought that the attributes on
which preference judgments are made differ from those on
which similarity judgments are made. Lefkoff-Hagius and
Mason (1993) provide evidence that this may indeed be the
case and report that beneficial attributes are relatively more
important in preference judgments and characteristic attrib-
utes are relatively more important in similarity judgments.

Estimation of a single ideal point using an internal analy-
sis encounters severe indeterminacy problems. There appear
to be insufficient constraints for determining the position of
the ideal point relative to the products. Schonemann and
Wang (1972), describing their metric unfolding model, state
that in a p dimensional space, a minimum of p + 1 ideal
points is needed to obtain a unique solution. Coxon (1982),
referring to his experience with nonmetric unfolding mod-
els, recommends at least 30 ideal points for a two-dimen-
sional solution. Anderson (1981, p. 369) states that one must
have “ideal points distributed across the stimulus range ... a
[single ideal point] analysis is not possible.”

We show that by adding dependent sampling assumptions
o a recently developed probabilistic unfolding model
(MacKay and Zinnes 1995), it is possible to estimate a sin-
glc ideal point model when using an internal analysis that is
based on preference data only. We start by describing the
nature of this indeterminacy problem more fully. This back-
ground section shows why probabilistic ideal point models
incorporating dependent sampling assumptions offer a solu-
tion to the indeterminacy problem. We next describe how
dependent sampling can be built into a probabilistic model.
In addition to making the estimation of a single ideal point
model possible, dependent sampling enables the variances
of actual and ideal products to be uniquely identified. In the
subsequent sections, we use (1) simulated data to illustrate
an internal analysis and (2) real data from an intercultural
study of American and Japanese markets to illustrate the
simultaneous analysis of preference and similarity data. We
also explicitly test the assumption of equivalent product
spaces underlying both the preference and similarity data.

"Finally, we compare the results from the proposed proba-
bilistic model to those obtained from popular deterministic
models with both the simulated and empirical data.

BACKGROUND .

Unidimensional unfolding (Coombs 1950) assumes that if
i consumer is asked which of two products is preferred, the
produtt that is nearer the consumer’s ideal position will be
chosen. Coombs referred to the joint distribution, or contin-
uum of stimulus and ideal points, as a J scale. If, for any sin-
gle consumer, the J scale is folded over the ideal point, then
an individual distribution, or / scale, results, in which the
ordering of the points corresponds to the consumer’s relative
preference for the products. Multidimensional unfolding
(Bennett and Hays 1960), which occurs when the points rep-
resenting the products and consumers are in a multidimen-
sional space, is based on similar assumptions.

Early unfolding models were deterministic. The standard
deviations of the points representing the products and con-
sumers were assumed implicitly to be zero. To estimate a J
scale from preference or choice data with a deterministic

Figure 1
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Note: Bilateral points {1b,1.2}.
Unilateral points {I.1u,2}.
The ellipses indicate the size of the standard deviations on each axis.

model, a researcher must have multiple ideal points. For a
single ideal point, (1) multiple, equally valid J scales can be
derived from an I scale and (2) indeterminacy problems
occur. In the unidimensional case, for example, an I scale
with values of 1 and 2 for two products can be equally well
represented by a unilateral J scale with the ideal point at the
origin and the product points at 1 and 2 or a bilateral J scale
with the ideal point at the origin and the product points at ~1
and 2.

More recently, probabilistic unfolding models, in which
some or all of the points are treated as random variables with
non-zero variances, have been proposed (for reviews, see
Bossuyt 1990; De Soete, Feger, and Klauer 1989; Elrod
1991). A probabilistic, two-dimensional example, corre-
sponding to the unilateral and bilateral scales mentioned
previously, is shown in Figure 1. In this figure, I represents
a single ideal point, 1b and 1u represent alternative locations
for one product, and 2 represents the location of a second
product. The product pair {1u, 2} is a unilateral pair relative
to I, whereas the product pair {1b, 2} is a bilateral pair rel-
ative to this same ideal point.

In Figure 1, the distributions of the points, assumed to be
bivariate normal, are represented by ellipses. All points on
an ellipse have the same likelihood or probability density.
Following the terminology of Thurstone (1927), Figure 1
describes a Case 5 situation in which the standard deviations
of all points on any given dimension are the same. However,
the standard deviations of the points in this figure are not the
same on both axes. Thus, the points are located in an
anisotropic space, that is, the properties of the space are not
the same in all directions. Circular ellipses would indicate
that the points were located in an isotropic space, that is, the
properties of the spaces are the same in all directions.

Isotropic spaces are easier to deal with mathematically
than anisotropic spaces, but anisotropic spaces seem more
reasonable for products and other marketing stimuli. Some
attributes, such as the price of a new product, may be well-
known and characterized by a small standard deviation,
whereas other attributes, such as anticipated satisfaction,
may be poorly known and characterized by a large standard
deviation. Even unidentified physical stimuli, such as the

- products in a blind taste-test, are likely to have anisotropic
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distributions because of the differential sensitivity of
chemosensory receptors.

Another advantage of anisotropic models is that they are
characterized by moderate stochastic transitivity—even in
the Case 5 situation. In contrast, Case 5 isotropic models
possess strong stochastic transitivity, a condition that is fre-
quently violated in empirical examples. (For a discussion of
the implications of different types of stochastic transitivity,
see De Soete and Carroll 1992.) _

Figure | provides a simple test case for an internal unfold-
ing model with a single ideal point. The question we ask here
is: Using just pair-wise preference judgments, is it possible to
determine if 1b or lu is the true location of the first product?

There are two primary reasons why probabilistic unfold-
ing models are of special interest in modeling preferences
characterized by a single ideal point. First, because we are
estimating only one ideal point, the magnitudes of all the
variances—the ideal as well as the actual products—are
likely to be high. Under these conditions, deterministic
models produce large, systematic biases. A primary cause of
this bias is the confounding of distance and variation that
occurs with deterministic models. When, for example, a
consumer estimates the distance of an actual product from
his or her ideal product, the distance will, assuming a non-
zero variance for one of the distributions, always be positive.
This occurs even when the centroids of the actual and ideal
products are exactly the same. Deterministic models cannot
distinguish separation caused by random sampling from
separation caused by the distance between centroids. In
many cases, the separation of items in a deterministic prod-
uct map may be due more to variance in perception than to
distances between centroids.

Second, as noted previously, when only a single ideal
point is used, indeterminacy problems are likely to occur
with a deterministic model. However, when probabilistic
models are used, it is possible to overcome both the bias and
indeterminacy problems and determine, from an internal
analysis of only preference data, the location of the single
ideal product, as well as the locations of the actual products.

Systematic bias and indeterminacy are issues that should
concern any practitioner. Their presence will cause esti-
mates of the market structure that are meaningless. To make
matters worse, systematic bias and indeterminacy often go
undetected because they can occur even when the determin-
istic model fits the original data well.

In Elrod’s (1991) recent review of intemnal structure mod-
els, the only model mentioned that can evaluate both the ideal
points and stimulus points, when both are treated as random
variables, is MacKay and Zinnes’s (1986) PROSCAL model.
When variability in product perception exists, it is desirable to
distinguish it from variability in perceiving the attributes of an
ideal product. The managerial action required to change the
variability in how an actual product is perceived may be dif-
ferent from that required to change the variability in what is
looked for in an ideal product.

The PROSCAL model is a conceptually simple model
that combines a multidimensional generalization of
Thurstone’s (1927) pair comparison model with Coombs’s
(1950) unfolding model. Specifically, for each actual or
ideal product Pj, j = 1,...,m, there is a corresponding p-
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dimensional random vector Xj = (Xjj»---Xjp) that has a p-
variate normal distribution with mean vector p; =
(Kj1+---+Mjp) and covariance matrix Z; Judgments or choices
of consumers are assumed to be based on values sampled
from the X, ... X, distributions. If a consumer has a precise,
consistent image of a product, be it actual or ideal, then we
expect the diagonal elements (i.e., the variances) of Zj to be
small. On the other hand, if a consumer has a vague image,
we expect the diagonal elements of 3, to be large.

Data for the PROSCAL model consist of preference ratio
judgments. These judgments require each consumer t6 indi-
cate which of two products he or she prefers, as well as how
much.e or she prefers it. For consumer i evaluating product
j relatiVe to product k, the preference ratio r;;, is represented
by d;/d;;, where d,; is the Euclidean distance {(X; - X,)'(X;
- X)1V= between the ideal product for consumer i and the
actual product k. If the ideal product is sampled indepen-
dently for the two distances and the variances for any prod-
uct are the same on all dimensions, the preference ratio ry,
has a density function that is closely related to the density
function of a doubly noncentral F distribution. If the vari-
ances for some products are not the same on all dimensions,
then the density function is closely related to the density
function of a ratio of quadratic forms.

Once the density functions are known, maximum likeli-
hood methods can be used to estimate both the means and
variances of the ideal and actual products. We provide a
summary of the anisotropic PROSCAL model for prefer-
ence ratio judgments in the subsequent section. (MacKay
and Zinnes [1995] provide more detail.)

Preference ratios were chosen for the PROSCAL model
because they have several desirable properties:

1. They are sensitive to differences in variance structures.
2. They are relatively easy for subjects to carry out (Bimbaum,
Anderson, and Hynan 1989).

3. They are invariant and, hence, meaningful when distances are
measured on a ratio scale.
4. They are unitless.

To decrease the time it takes to collect preference ratio judg-
ments when the number of products is large, incomplete sets
of judgments may be obtained from each subject. (For prob-
abilistic models based on other types of judgments, see, for
example, the articles by DeSarbo et al. 1990; De Soete,
Carroll, and DeSarbo 1986; Mullen and Ennis 1991.)

Earlier versions of PROSCAL were not able to avoid the
indeterminacy problem that occurs when a single ideal point
is used. This was because of an independent sampling
assumption that réquired the numerator d;, and the denomi-
nator d;; of the preference ratio ry to be independent. To be
independent, the subject must separately sample the values
that go into the numerator and denominator of the prefer-
ence ratio. In effect, this requires assuming that person i
samples twice from the ideal product distribution—once to
arrive at d;, and once for d;;.

For some products, such as the disguised products a con-
sumer faces in a blind taste-test, the independence assump-
tion may be appropriate. But, for undisguised stimuli, the
situation that usually occurs when market structures are esti-
mated, the independence assumption is likely to be
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inappropriate.!

MODEL DEVELOPMENT

To relax the independent sampling assumption, we begin
by expressing the preference ratio r;; as a ratio of quadratic
forms. Defining d;,, as the difference between ideal product
i and real product k on dimension n, let

(l) X' = (dikl""'dikp‘ dijl ..... dijp)'
which is a vector containing 2p elements. Making use of
Equation 1, we can write dj/d} as,

dh  X'AX
2 _ —-lk = e—
& e T g T XX

where L0
A=lo00)
and 00
B= .
01,
The variance-covariance matrix %, of X depends on the
sampling method used. For independent samples,

Zi + ZJ 0
3 Zp=| o 3+3. )
whereas for dependent samples,

L+% 3
@ =\ 3 3+3,

Dependent sampling enables 3; and 3, to be uniquely
defined. With independent sampling, this is a problem that
must be solved by imposing side condition, because,

) T+ 32304 3= (5 +0) + (5 -0

Managerially, the dependent sampling model makes it pos-
sible for us to distinguish consurners’ uncertainty about their
ideal products from their uncertainty about the nature of the
products themselves. (Dependent sampling has been pro-
posed by Coombs, Greenberg, and Zinnes [1961] and
Mullen and Ennis {1991]. However, the relation of depen-
dent sampling to indeterminacy has, to our knowledge,
never been discussed.)

To obtain maximum likelihood estimates of the location
and variance parameters, it is necessary to derive the densi-
ty function f(-) of I, Distribution and densnty functions of
quadratic forms have been previously used in the multidi-
mensional scaling (MDS) of dissimilarities (MacKay 1989).
The distribution function of a ratio r2 of quadratic forms can
be expressed as the distribution of a quadratic form by mak-
ing use of the property,

IThe wandering ideal point model of De Soete, Carroll, and DeSarbo
(1986) assumes dependent sampling, but requires zero-valued variances for
all of the products. DeSarbo and colleagues (1990) do not specify product
variances either. The wandering vector model of De Soete and Carroll
(1983) also assumes dependent sampling.

X'BX
=P(X'GX<0),

where G = A - Br2.
Direct calculation of the density function of r in Equation
6 is not computationally practical, but the area is seeing
steady development in the mathematical literature.
Difficulties center around the fact that the quadratic form in
Equation 6 is noncentral (i.e., the means are non-zero), indef-
inite (i.e., negative eigenvalues are involved in the solution),
and dependent. However, numerical procedures for calculat-
ing the distribution function of r in Equation 6 are available
(for reviews, see Johnson and Kotz 1970; Mathai and Provost
1992). The density function of r2 is numerically estimated by
taking central differences of the distribution function.
Differentiating to get the density function of r, we find,
14

€)) fn= E[P(X'UX S0)-P(X'VX<0)],

where
U = (A - Br2 - Bd),
V = (A - Br2 + B3), and
23 = the magnitude of the central difference.
The likelihood function of this unfolding model is then,

®) Ly =1 sy

Estimates of the location and variance parameters are not
unique. As is true with most probabilistic geometric models,
the likelihood function is invariant under a shift of the axes.
It is also invariant when the mean and standard deviation
estimates are multiplied by a positive constant. However, the
rotational indeterminacy associated with many MDS models
is avoided because of the specification of an anisotropic
variance structure that fixes the orientation of the
configuration.

We begin the estimation of the model by obtaining initial
estimates, using the isotropic space procedure described in
Zinnes and MacKay’s (1987) study. Maximum likelihood
estimation proceeds by reestimating (1) the variances hold-
ing the location estimates fixed and then (2) the location
estimates holding the variances fixed. We repeat this two-
step process until convergence occurs—usually within three
iterations. The use of this alternating estimation procedure
alleviates the bilateral indeterminacy of scaling (Kruskal
1978) and results in solutions that are as good as or better
than those obtained in single-stage approaches. To calculate
the distribution functions of Equation 7, we use Imhof’s
(1961) method. MacKay and Zinnes (1995) provide a
detailed account of the estimation process, as well as some
Monte Carlo analyses for a multiple ideal point model with
independent sampling. Similar results appear to hold for the
single ideal point model with dependent sampling that we
propose here.

The anisotropic unfolding model, with independent and
dependent sampling assumptions, has been incorporated
into the PROSCAL (MacKay and Zinnes 1991) family of
probablllsuc scaling programs. Like the other models in this
package, the user has an opportunity to specify a wide num-

X'AX )
6) F(r?) = P(‘—, < r2) = P(X'(A — Br)X £0)

. ber of model variations that are distinguished by the type

and number of constraints they place on the parameters
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being estimated. A discussion of many of these models can
be found in MacKay’s (1983) study.

MODEL EVALUATION

The proposed single ideal point model can be evaluated at
many levels. The simplest, perhaps, is the evaluation sug-
gested in the previous section. Using only preference data,
can the proposed model distinguish products that are bilat-
eral from products that are unilateral relative to the single
ideal point? To answer this question, two hundred prefer-
ence ratio judgments were simulated with dependent sam-
pling for the bilateral condition {1b,1,2} shown in Figure 1.
The likelihoods of the data arising under bilateral {1b.,1,2}
and unilateral {I,1u,2} conditions were calculated. As
expected, the log-likelihood (~399) for the bilateral parame-
ters was higher than the log-likelihood (-1211) for the uni-
lateral parameters. This differed from the independent sam-
pling model, in which both likelihoods were the same.

The preceding preference ratio judgments were also eval-
uated with a multidimensional unfolding model that
assumed dependent sampling. The multidimensional
unfolding program determined its own initial configura-
tion—the configuration used at the start of the iterative
process that maximizes the likelihood function—and was
given no information about the bilateral nature of the para-
meters. The results were that the correct bilateral condition
was obtained. Even when the unilateral condition parame-
ters were used as the initial configuration, the maximum
likelihood estimates that emerged were bilateral.

Sensitivity to Variances

The bilateral and unilateral conditions can be distin-
guished, because the density functions of the distance ratio
dy;/d;; differ from one another when dependent sampling
occurs. To show this more explicitly, in Figure 2, we plot the
density functions for the unilateral and bilateral points. The
ratio of the two density functions is given in the bottom
panel of Figure 2.

Figure 2 shows that though the modes of the two distrib-
utions are nearly the same, they have different variances.
The unilateral distribution has a smaller variance than the
bilateral distribution. (In a somewhat different context, this
difference in the variances of the two distributions was noted
earlier by Coombs, Greenberg, and Zinnes [1961].) This
means that high and low distance ratios are more consistent
with the bilateral condition, whereas moderate values are
more consistent with the unilateral condition.

Unilateral and bilateral conditions cannot be distin-
guished when an independence assumption is made. When
it is made, the likelihoods generated from unilateral and
bilateral pairs are precisely the same.

Comparison with Nonmetric Internal Unfolding

To illustrate the relative performance of deterministic ver-
sus probabilistic models, we simulated preference ratio data.
These data were based on 12 hypothetical products and one
ideal product. The mean locations of the 12 products were
randomly assigned within a unit circle and the ideal product
mean was placed at the origin of the space. A simple isotrop-
ic Case 5 model was used and the common standard devia-
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tion of all products was set equal to .3, a value consistent
with the example used in Figure 1 and the results reported in
the empirical literature. Ten complete sets of distance ratios,
that is, 660 judgments, were generated by calculating dis-
tance ratios from dependently sampled coordinates.
Locations of the product means, labeled A through L, and the
ideal product mean, labeled M, are shown in Figure 3, part A.

To provide a basis of comparison, the data were first eval-
uated with KYST, a popular nonmetric MDS model
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(Kruskal, Young, and Seery 1973). Being deterministic,
KYST has the same problems that a probabilistic model
with independent sampling has. It is unable to identify the
locations of products when a single ideal point is used. In
addition, it confounds variance with distance.

Because MDS estimates are sensitive to the initial config-
uration, ten sets of dissimilarity data were additionally gen-
erated among the product points of Figure 3, part A. These
data were then evaluated by KYST to form the initial con-
figuration of the twelve product points. A ‘nonmetric, “split
by rows” analysis using stress formula two was used, with
very stringent convergence requirements to prevent prema-
ture termination. Despite the good start offered by the analy-
sis of the dissimilarity data, the results of the analysis of the
preference data (see Figure 3, part D) show that KYST
essentially estimated a one dimensional I scale, instead of a
two-dimensional J scale. All the interpoint distance infor-
mation of the true configuration (Figure 3, part A) is lost.
The product moment correlation of the interpoint distances
among the points of Figure 3, part A with the interpoint dis-
tances among the points estimated by KYST in Figure 3,
part D was —.16.

The probabilistic analysis started with a dimensionality
test using both a likelihood ratio chi-square test and the min-
imum Akaike Information Criterion (AIC) rule (Akaike
1974). Two times the difference in the log-likelihoods is
asymptotically chi-square distributed, with the degrees of

Figure 3
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Table 1
DIMENSIONALITY TEST STATISTICS
Number of Free
Dimensionality Parameters Log-Likelihood AIC
1 12 -1154 2332
2 25 -1120 2289
3 38 -1115 2305
4 51 -1113 2327

freedom being equal to the difference in the number of free
parameters in the models being compared. When isotropic
preference ratio models are estimated, the number of free
parameters k is
k=(m+n)p+q—p-m;;l) -1,
where,
p = the dimensionality of the space,
m = the number of products,
n = the number of ideal points (equal to 1 in our case),
and
q = the total number of unique variances and covariances
being estimated.

The last three terms are subtracted for the centering, rotation,
and scale invariance of the solution. When anisotropic mod-
els are used, the rotational invariance term should be omitted.

Table 1 shows the likelihoods, the number of free para-
meters, and the values of the AIC statistic for anisotropic
Case 5 analyses of the simulated data in one through four
dimensions. The chi-square test of the likelihoods shows
that the two-dimensional model is significantly better (p <
.001) than the unidimensional model and that the three- and
four-dimensional models are not significantly better than the
two-dimensional model (p > .7). However, the chi-square
test must be treated cautiously, because, though a low
dimensional solution is a special case of a high dimensional
solution, the standard regularity condition concerning the
boundary of the parameter space was not met. Specifically,
setting a variance equal to zero in a low dimensionality solu-
tion violates the requirement that the true parameter vector
be in the interior of the parameter space. McDonald and Xu
(1992) indicate that when this regularity condition is violat-
ed, the likelihood ratio test tends to be too conservative—the
results are actually more significant than they appear.

The AIC statistic is not subject to the regularity condition
of the likelihood ratio test. For an unfolding model with
likelihood L, and k free parameters, AIC, is defined by,

AIC, = -2InL, + 2k.

Using the minimum value of the AIC statistic to select the
correct dimensionality gives the same result as the likeli-
hood ratio test, namely, the two-dimensional solution.
Results from the two-dimensional probabilistic, depen-
dent sampling model are shown in Figure 3, part C. The
ideal point was correctly located in the center of the two-
dimensional space. The correlation of parametric and esti-
mated interpoint distances equals .92, which is an enormous

improvement. However, some points, such as K and D, are
poorly estimated.
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Inclusion of Dissimilarities

The results in Figure 3, part C look good, but they can be
improved. Improvement can be obtained by jointly estimat-
ing a product space map from both preference data and dis-
similarity data. Unlike an external analysis, in which the
locations of the products are fixed and the purpose of the
unfolding analysis is to estimate the ideal points given the
locations of the products, a joint analysis estimates the loca-
tions of the actual and ideal products simultaneously, as is
done in an internal analysis. However, both preference and
dissimilarity data are now used in the estimation process.

Joint analysis of dissimilarity and preference data is an
attractive proposition, because the locations and variances of
the products are common to both. Paired comparison prefer-
ence judgments have a common terminus, namely, the sub-
ject. In the single ideal point model being estimated here,
this means that all judgments will involve a sampling of that
single ideal point. Adding dissimilarity judgments that do
not involve the ideal point should lend stability to the solu-
tion and provide better parameter estimates.

The unfolding model we present allows for a dimension-
al dependence and a dependence between the numerator and
denominator of the distance ratio. However, it assumes that
the different judgments (i.e., distance ratios) are indepen-
dent of one another. Comparable independence assumptions
have been made earlier for a MDS model of dissimilarities
(MacKay 1989; MacKay and Droge 1990). If we also
assume that the preference and dissimilarity judgments are
statistically independent of each other, which is reasonable,
then the joint likelihood L; is simply,

(&) Lj = Lu Ld'

where L, is the likelihood of the unfoldihg or ideal point
model, defined by Equation 8, and L is the likelihood of the
dissimilarity data, defined by,

(10) Lg= l} 2d,, fd}).

The function f(dji) in Equation 10 is the density function for

the squared distances between products j and k (for more
detail, see MacKay 1989). The likelihood L, is calculated
over the preference data, and L is calculated over the dis-
similarity data. (For additional comments on this approach,
see Ramsay’s [1980] discussion of the joint analysis of dif-
ferent types of judgments.)

Maximizing Equation 9 with the simulated data results in
the point estimates shown in Figure 3, part B. The estimates
are close to the correct values in Figure 3, part A. The cor-
relation of the interpoint distances between the estimated
and correct values is .98. Estimates of the dimensional stan-
dard deviations were .27 and .28, which is reasonably close
to the correct value of .30 on each dimension.

In a real world application the results may not be so ele-
gant: The products that a consumer judges when making dis-
similarity judgments may be cognitively different from
those the consumer judges when making preference judg-
ments. Thus, consumers may base their dissimilarity judg-
ments on a cognitive space that is unlike the one they use for
preference judgments. This could happen even when the two
product sets are equal. This illustrates one of the advantages
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of using probabilistic models. Evidence for this possibility
can be statistically evaluated. If the product sets are cogni-
tively different, the analysis can proceed with only the pref-
erence data.

APPLICATION

The market to which we apply the proposed model is the
birthday gift market for young men. The gift market pre-
sents a challenging problem for any market structure model.
The consumer behavior literature is rich in its description of
the structural, behavioral, and motivational complexities of
gift-giving (e.g., Fischer and Amold 1990; Gamer and
Wagner 1991; Mick and Demoss 1990; Park 1992; Sherry
1983). Gift alternatives are often classified as examples of
non-comparable products. Johnson (1984) suggests that
product attributes become increasingly abstract as products
become more non-comparable; and Johnson and Fomell
(1987) argue that the appropriateness of continuous dimen-
sions representing market structures increases as the degree
of abstraction increases. High variances, associated with
both the presence of abstract dimensions and a single ideal
point model, support the use of probabilistic geometric mod-
els, such as our single ideal point model.

Data for this application came from a pilot, cross-cultural
study of Japanese and American gift-giving behavior. Cross-
cultural studies are attractive applications for single ideal
point models, because the assumption of a common, cross-
cultural, stimulus space—an assumption necessary for a
multiple ideal point model—is difficult to maintain. The
segment we use is of the Japanese who give birthday gifts to
young men who are under 30 years of age and are their close
friends (not business acquaintances). Forty-six subjects
from a convenience sample in Tokyo provided dissimilarity
and preference judgments for pairs of gift alternatives. The
gifts, selected in consultation with several Japanese culture
experts and listed in Figure 4, were chosen for their appro-
priateness in both cultures. Prices of the gifts were described
as being within one thousand yen of one another.

At the beginning of the data collection task, a series of
warm-up questions was used to get subjects familiar with
making ratio judgments. Warm-up questions proceeded
from relatively concrete (e.g., “how much bigger is one
square than another”) to relatively abstract (e.g., “how much
more do you prefer painting A to painting B””) questions.
Color pictures of the warm-up stimuli and gift altenatives
were displayed to each subject on a personal computer.
Graphic rating scales were used to record all responses.
After the preference and dissimilarity judgments for the gift
alternatives were completed, subjects were asked to describe
how they made their judgments.

Probabilistic Joint Analysis

Isotropic and anisotropic, Case 3 and Case 5 models were
estimated in spaces of one to three dimensions. By means of
likelihood ratio tests, results using simple models were com-
pared to those using complex models. The estimates
obtained from a two-dimensional anisotropic Case 3 model
were significantly (p <.001) better than both those obtained
from a Case 3 unidimensional model and a Case 5
anisotropic two-dimensional model. The variances for five
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of the products—binoculars, sunglasses, Swiss army knife,
Walkman, and watch—were similar. Estimates using a
model that constrained the variances of these five items to be
the same had a likelihood that was not significantly better
when a more complex unconstrained two-dimensional
model was used. The constrained two-dimensional model is
portrayed in Figure 4. (Beyond two dimensions, the esti-
mated configurations were essentially linear in their higher
dimensions.) :

To determine if the products subjects responded to while
making dissimilarity judgments were cognitively different
from those they responded to while making preference judg-
ments, the log-likelihoods (see Table 2) were calculated.
The first value, -1962, is the log-likelihood of the maximum
likelihood solution for the joint analysis of the preference
ratio and dissimilarity data. The second value, —1947, is the
sum of the log-likelihoods of the separately scaled prefer-
ence ratio and dissimilarity data. The separate scaling of the
twe data sets required an additional 25 free parameters to be
estimated. Two times the difference in the log-likelihoods is
30, which, for 25 degrees of freedom, is not statistically sig-
nificant. Thus, the separately scaled data did not fit signifi-
cantly better than the jointly scaled data. This suggests that
subjects perceived the products similarly in both judgment
tasks. The two configurations resulting from the scaling of
the preference and the combined data were extremely simi-

Figure 4
JOINTLY ESTIMATED CONFIGURATION AND VARIANCE
STRUCTURE
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Table 2
LOG-LIKELIHOODS FOR PREFERENCE
AND DISSIMILARITY DATA
Analysis Log-Likelihood
Joint Analysis -1962
Separate Analyses -1947

lar. Only one product, the Walkman, was located differently.
These results are similar to those in the previous simulation.

With the aid of the subjects’ verbal descriptions of their
decision processes, the X-axis measures the strength of the
gift’s association with a male recipient. Gift products with
high values are considered more appropriate for male recip-
ients, whereas gift products with low scale values are con-
sidered appropriate for either male or female recipients. For
example (see Figure 5, point H), the picture of the watch
shown to the subjects indicated that the watch was large and
had a sports style. The belt (G) of braided leather was also
styled for men. The Y-axis measures the activity level
involved in using the product. Products with low values,
such as the baseball glove (I), are high activity products,
whereas gifts with high values, such as the belt (G), are low
activity products.

The ideal gift (J) for the Japanese subjects was very close
to a camera (A), which is a product that involves a relative-
ly high level of activity and is slightly more appropriate for
a male recipient than for a female one. The expected dis-
tance of the baseball glove (I) from the ideal point (J) indi-
cated that this was the least preferred gift item. The high
expected distance was due to both the location and high
variance of the baseball glove.

As expected, variances for the products are high.
However, surprisingly, the variance for the single ideal point
was relatively low, which suggests that models that ascribe
all the variance to an ideal point may not be appropriate for
situations such as this. The major axes of the belt (G) and
camera (A) ellipses were parallel to the Y-axis. All other
ellipses’ major axes were parallel to the X-axis. The sum of
the variances of the two-dimensions was lowest for the cam-
era (A), the product which was closest to the single ideal.
The high standard deviation on the X-axis for the cap (C)
indicates that there is considerable ambiguity concerning the
appropriateness of this gift for women. The high variance
for the baseball glove may be because, though the Japanese
love baseball, there are fewer opportunities to play baseball
in Japan than in the United States.

To further evaluate the appropriateness of both the esti-
mated variance structure and the proposed model, we esti-
mated two additional constrained solutions. The first con-
strained the variances of the products to be zero—consistent
with the variance structure assumption of simpler models,
such as the wandering ideal point model. The second con-
strained the variances of the ideal point to be zero—a con-
dition by virtue of equations 3 through S that is equivalent to
the assumption of independent sampling. Comparisons of
the two constrained model log-likelihoods to the log-likeli-

hood of the unconstrained model showed the unconstrained
" model to be significantly better (p < .001) in both situations.
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To evaluate the stability of the estimates, we split the pref-
erence ratio judgments into two equal samples. Centroids
and variances were estimated for the nine real products and
the single ideal product in a two-dimensional space. Forty-
five interproduct expected distances and 45 interproduct dis-
tances among the centroids were calculated for each sample.
(For a description of how to calculate expected distances
among anisotropic distributions, see MacKay 1989.) We
provide product moment correlations of these two sets of
distances and present the correlation among corresponding
variances and covariances in Table 3. All three correlations
are high, which indicates a satisfactory degree of stability.

Deterministic External Analysis

To provide a basis for comparison, we performed an
external analysis of the preference data. The dissimilarity
data in this application were first evaluated nonmetrically
with KYST. The resulting configuration of points for the
birthday gifts was then used, in addition to the preference
data, as input for PREFMAP (Carroll 1972), which is a
widely used model for the external analysis of preference
data (Green, Carmone, and Smith 1989).

PREFMAP involves a hierarchy of models. In the most
general model, each consumer is allowed his or her own ori-
entation and weighting of the axes. The nonmetric version of
PREFMAP finds the best monotone fit of the squared dis-
tances between the actual product points and the ideal prod-
uct point. The most restrictive model is a vector model. In
this model, the utilities of the consumer are represented by
the projections of the product points onto the consumer’s

Figure 5 _
VECTOR AND IDEAL POINT SOLUTIONS
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Table 3
SPUT HALF SAMPLE CORRELATIONS
Comparison Correlation
Expected Distances 95
Centroid Distances 97
Variances-Covariances 96

vector. Analysis-of-fit statistics provided by PREFMAP
show no significant difference for any pair of models, thus,
indicating that the most parsimonious model, the vector
modeld, is most appropriate. Because we are concerned with
unfolding models, we present the results for both the vector
model and the simple unfolding model in which the weights
for all consumers are the same on all axes.

The PREFMAP solutions are shown in Figure 5. Analysis
of the similarity data by KYST prevented the collapse to a
unidimensional solution that occurred when the internal
unfolding model was used. The general shape of the config-
uration is similar to that obtained with the probabilistic
model. However, the tight clustering of product centroids,
(E, H} and (D, B, C}, that was observed in the probabilis-
tic solution is less noticeable in the deterministic solution.
Similar differences have been observed previously in simu-
lation studies (Zinnes and MacKay 1983) and attributed to
the confounding of distance and variation that occurs with
deterministic models.

To compare the fit of the probabilistic and the determinis-
tic analyses, a preference score S; was defined from the pref-
erence ratio data as the mean I scale for each product. With
the notation of Equation 2,

m n
2 (T e

an S. yi=Le.n

1 m

The correlation obtained between the preference scores and
the predicted utilities from each of the three analyses is
given in the first column of Table 4. Predicted utilities for
the PREFMAP vector analysis were measured by the pro-
jections of the product points on the fitted vector. For the
PREFMAP unfolding analysis, the predicted utilities were
measured by calculating the euclidean distances between the
product points and the ideal point. For the PROSCAL analy-
sis, the predicted utilities were measured as expected dis-
tances between the product points and the ideal point. Table
4 shows that the correlation for the probabilistic analysis
(.69) is larger than that of the vector model that was recom-
mended by the PREFMAP analysis (.49). In addition, the
probabilistic model correctly indicates the camera as the
most preferred product, whereas the vector model estimates
it as being the sixth of nine products. If, instead, we choose
to use the unfolding model of PREFMAP, the fit statistics
improve; the correlation rises to .51, and the rank of the
camera changes to third. These comparisons indicate that
the probabilistic analysis fits the preference data better than
either of the PREFMAP analyses.

In the probabilistic analysis, the variances of the ideal
point were relatively small. This result, though interesting
and useful in some respects, presents a potential problem. If
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Table 4
DESCRIPTIVE STATISTICS FOR THREE MDS MODELS
Correlation Between Mean Preference Rank
Product Preference Scores Order of Most
Model and Estimated Ultilities Preferred Gift
Probabilistic .69 1
Unfolding
Deterministic 49 6
Vector -
Deterministic 51 3
Unfolding

the variances of the ideal point are too small, the probabilis-
tic model, using the assumption of dependent sampling, may
fail to specify uniquely the position of the ideal point. This
could happen because when the variances of the ideal point
are small, there is little or no difference between the equa-
tions for the independent and dependent case. And, as we
noted previously, it is not possible to solve for the ideal point
when independent sampling occurs.

To explore this problem further, several simulation stud-
ies were conducted. The results, which we do not show, indi-
cate that the variances must be extremely small—approxi-
mately one fiftieth of the values observed in this applica-
tion—before the dependent sampling solution breaks down.

CONCLUSIONS

To overcome the indeterminacy associated with an inter-
nal analysis using a single ideal point, we propose using a
probabilistic Thurstonian model with dependent sampling.
If dissimilarity data are available, the model may be refor-
mulated as a joint model for simultaneously scaling dissim-
ilarity and preference judgments. Hypothesis tests can then
be used to determine the appropriateness of simultaneously
scaling preferences and dissimilarities.

We analyzed simulated data to determine the ability of the
proposed probabilistic model to perform an internal analysis
of preference data. This analysis shows that the proposed
- probabilistic model, in contrast to deterministic ones, can
recover, with high accuracy, the parameters of the products
and the ideal point.

The survey data indicate that the variances of different
products are different from each other, both within and
across dimensions. The existence of high variances (or lev-
els of uncertainty) was consistent with the verbal reports of
the subjects after the experiment concluded. Not only did
the probabilistic model account for these different levels of
uncertainty but, in doing so, it also avoided confounding dis-
tances and variances. Such confounding is typical of deter-
ministic models. This was illustrated by analyzing the gift
survey data using the deterministic model PREFMAP. The
estimates provided by this deterministic model did not fit as
well as the estimates from the probabilistic model.

All our empirical analyses involve products from different
product categories. However, probabilistic models can also
be used with brands that comie from a specific product cate-
gory. Previous research (MacKay and Droge 1990) shows
that there are large variances on some of the key attributes
that characterize different toothpaste brands.

Changing the perceived variance of a product, be it actu-
al or ideal, can influence market share just as strongly as
changing the mean of a distribution. Both the mean and vari-
ance of a distribution are affected by marketing management
decisions. In the Japanese gift market illustration, for exam-
ple, the use of a gift theme when advertising large variance
products, such as the belt and baseball glove, may reduce
their variances, but leave the their centroids relatively
unchanged. Reducing their variances will reduce their
expected distance to the ideal product and their acceptabili-
ty as gift items will increase. In some cases, it may be easi-
er for a manager to increase a product’s market share by tak-
ing actions that change the variance of a product’s percep-
tion, than by changing its mean perceived performance on
one or more attributes.
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