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_ 1. Introduction

There is a long history, not all of it successful, in using measures of fit
to indicate the metric that underlies similarity and dissimilarity data.
Minkowski power metric or L, norm models have been studied most often

with the greatest attention being paid to the Euclidean (p = 2) metric
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where x;;is the coordinate of object i on dimension k. Recent reviews of the
literature have been provided by Borg and Groenen (1997), Brusco (2001)
and MacKay (2001). Arabie’s (1991) paper summarizes much of the earlier
city-block literature.

There is a substantial body of experimental evidence for the use of a
city-block metric in situations where psychological theory predicts its
presence. Percepts described by separable (unrelated) dimensions, for
example, are commonly thought to be more appropriate for city-block
metrics (viz. Gamer 1974; Shepard 1991). At the same time, there are
several experimental studies that have demonstrated situations where data
expected to be described by a city-block metric have been better described
by a Euclidean metric (Dunn 1983; Glazer and Nakamoto 1991; Lee and
Pope 2003; Melara 1989; Nosofsky 1985; Nosofsky 1986).

Two reasons seem to dominate the discussion of why city-block
spaces may be misclassified. The first is the presence of noise (Lee and Pope
2003; Shepard 1986), low discriminability (Nosofsky 1985; Tversky and
Gati 1982), instability (Eisler and Knéppel 1970), inter-subject variability
(Dunn 1983; Schénemann 1994) and percepts that are not “clumped” in a set
(Glazer and Nakamoto 1991) — conditions consistent with high variability
data. (The absence of “clumping™ is consistent with high variability data
because variance, which shares the distance properties of symmetry and non-
negativity, will cause some algorithms to spread out the estimated locations .
of the percepts.) The second is the occurrence of local optima, caused in part
by the use of gradient based algorithms or poor initial configurations, which
prevent algorithms from consistently achieving optimal results with the city-
block metric (viz. Arabie 1973; Brusco 2001; Hubert, Arabie and Hesson-
Meinnis 1992; Shepard 1974).

A third reason, less frequently mentioned, is that there are important
percept properties not accounted for in our metric space modeling (Ashby
and Lee 1993). Failure to account for these properties may result in
misidentifying the most appropriate metric. Tversky and his colleagues have
argued that unaccounted for percept properties are sufficient cause for
abandoning distance ‘models (Tversky 1977; Tversky and Gati 1982).
Others (Dunn 1983; Ennis 1988; Shepard 1986) have suggested that
unaccounted for percept properties which are potentially compatible with
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_ distance models may be responsible for the disconcerting success of the
Fuclidean metric in describing distance relationships. Percept variance, first
introduced by Thurstone’s 1927 publications on discriminal processes, is an
example of this kind of property. The discriminal process suggestion is
appealing because it is consistent with many of the *high variability”
explanations that have been offered. The discriminal process approach is
also, as Takane (1978) notes, “intuitively more attractive™ than a lot of the
other suggestions that have been hypothesized as means for introducing
variance into distance models.

Arguments for discriminal processes causing the misclassification of
city-block processes as Euclidean are largely conjectural. Ennis (1988) looks
at the issue in most depth and shows that data which are city-block on a trial
by trial basis can, in the presence of perceptual variance, appear to be
Euclidean when their expected values are investigated. This is a valuable
observation but no link is made to the axiomatic foundations of Minkowski
spaces and the reasons for the observation remam unexplored.

We now look at the issue of percept variance in more depth and show
that percept variance can, by changing the additivity properties of city-block
and Euclidean data, make city-block data appear to be more Euclidean than
Euclidean data, As a result, once fairly modest levels of variation occur,
city-block data will, when used with deterministic models, be classified as
Euclidean.

To correctly identify city-block data, operational models are needed
for evaluating city-block and Euclidean data in the presence of percept
variation. We discuss a number of multidimensional Thurstonian models that
have been proposed for the analysis of similarity and dissimilarity data in
city-block and BEuclidean metrics. A simple process is proposed for

-extending one class of dissimilarity data models to similarity data. Issues of -

operationalization are discussed. Experimental results, empirical and Monte

Carlo, are presented that contrast the success of the probabilistic Thurstonian

models in identifying the city-block metric with the success of conventional

non-metric models that are deterministic.

2. Additivity and Probabilistic Distances
Numerous authors have discussed the properties of Minkowski
distances. A well written summarization is provided by Borg and Gr oenen
(1997). A key property is additivity. For metrics, the additivity function

afx, y, z) = dfxy) + d(y.z) —dbz) (3)
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Figure 1. Unit Square

of distances d connecting points x, y, and z is said to be additive if a() is
zero, subadditive if a(} is positive and superadditive if a() is negative. To -
illustrate the relation of additivity to the choice of a city-block or Euclidean
metric, consider the umit square of Figure 1 with one midpoint along the line

connecting points j and k and another midpoint along the line connecting
points 1 and k.

- - --Minkowski-distances assume-“segmental additivity.”--In Figure 1~ - -

this means that a7, m, k)and a(i, n, k) are zero. More interesting, for the
purpose of metric identification, is a corner triple function such as a(i. j, &)
which is additive for the city-block metric and subadditive for the Euclidean
metric. This additive/subadditive relationship of city-block and Euclidean
metrics does not, of course, hold only for corner triples. The value of a() for
city-block distances should never be greater than it is for Euclidean
distances. City-block and Euclidean metrics should have the same value of
a() only when x, , and z are on a straight line.

If discriminal processes are indeed present, what are the implications
for additivity? The essence of discriminal process models is the assumption
that the points between which distances are defined are not fixed
(deterministic) but normally distributed. As a result, the distances are no
Jonger fixed but probabilistic. Instead of talking about the distance between
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two points we need to talk about sample distances (momentary
psychological values), distance distributions and expected distances,

Expected distances E(dy [ n, S, », p) are a function of the centroids p,
variances S, dimensionality » and metric p of the space. Let’s assume a
simple variance structure in which the off-diagonal values of 8 are zero and
the diagonal values arc all the same. Substituting expected distances for
deterministic distances in [3], the additivity of city-block and Euclidean
metrics for the corner triple of Figure 1 can be calculated over increasing
magnitndes of s, j= 1,2. (Expected distance formulas are given in the
Appendix.) Looking at the results shown in Figure 2, we see that when
s;; = 0, we have the anticipate deterministic results of a() = 0 for the city-
block metric and af) =2 - /2 for the Euclidean metric. By the time the
variance has increased to only 0.1, we find that the subadditivity of the city-
block metric now exceeds that of the Euclidean metric. For deterministic
models that do not recognize percept variation, the city-block data will now
appear to be “more Euclidean™ than the Euclidean data.

Figure 2 leads us to expect that in the presence of discriminal
processes, traditional multidimensional scaling (MDS) algorithms will
correctly identify Buclidean data as Euclidean and incorrectly identify city-
block data as Euclidean. These expectations will be investigated in Section
+ 4. Similar expectations were reporied by Lee and Pope (2003} in a study of
how individual differences affect averaged distance matrices.

3. Multidimensional Thurstonian Models of Dissimilarity and
Similarity Judgments

Thurstonian models with mukidimensional discriminal processes have
“béen modeled in’ a number of ways for a variety of data-types.-Here, our-
concern is with similarity and dissimilarity data types. The first use of a
Thurstonian MDS program for dissimilarity data was that reported by
MacKay and Zinnes (1981), Zinnes and MacKay (1981). They proposed a
maximum likelihood (ML) model for Euclidean distances in which the
variances of the percepts could differ from percept to percept but were -
identical on all dimensions. Their work drew heavily from earlier studies by
Hefner (1958) and Zinnes and Wolff (1977) on Thurstonian models for
same -different judgments in which the probability density functions (PDFs)
of distances were modeled as functions of the non-central chisquare
distribution. Their algorithm, not described until Zinnes and MacKay (1983),
used least squares procedures to obtain initial values and a quasi-Newton
method to find final values. An alternating ML procedure was used in which
variances S and centroids p were sequentially reestimated.



190 D.B. MacKay and B. Lilly

2.0
1.5 7
"

1.0 7

—— a{ch)

a(eu)
0.5 1
0.0 1

T T T T i T T T T
0.0 02 0.4 0.6 c.a 1.0

Variance

Figure 2. Corner triple subadditivity for the Euclidean and city-block metrics.

Ennis, Palen and Mullen (1988) proposed a least squares (LS)
Thurstonian model for similarity data that used a general similarity function
of the form s(d) = exp(-d), a> Oto relate distances to similarities. When
squared distances were used, s(d) = exp(d’), a closed form solution for the
expected similarities was found. Numerical integration was suggested for

- other sitnations. " An-attractive feature-of their implmentation was its ability - - -

to handle non-zero covariances. A modified Levenberg-Marquardi (steepest
descent) algorithm was used to minimize the sum of squared differences
between the similarity data and the expected similarities.

Ennis and Johnson (1993) movided a theoretical basis for extending
the Ennis et al. (1988) model by deriving the expected similarities for city-
block distances. The extension is based upon the recognition that the PDFs
of city-block distances follow a folded normal distribution.

MacKay (1989) extended the ML mode] by using quadratic forms n
normal variables distributions to accommodate anisotropic space variances
that differed from dimension to dimension and had non-zero valued
covariances. The earlier gradient based procedure was dropped in favor of a
direct search method. MacKay (2001) developed exact and approximate
PDFs for the city-block metric which permitted their use in a ML
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framework. (ML equations are in the Appendix.) Linear-exponential
response models were also added to extend the ways percept dissimilarity
responses could be related to the psychological distance estimates of the ML
model.

Response models also provide a simple approach for extending ML
models designed for dissimilarity judgments to similarities. Two functions,
the exponential decay function s = g(d) = exp(-d) and the Gaussian function
s=gfd) = exp(—dz ') dominate the literature as means for relating percept
similarity (0 < s = 1) to psychological distance (Shepard 1974; Nosofsky
1985). The exponential fiunction is usually associated with city-block
distances and the Gaussian function is usually associated with Euclidean
distances. However, some authors, such as Shepard (1987), have proposed
that the exponential decay function is universal.

To transform the f(d [ w, S, p) PDF for dissimilarities to the f{s / n,
S, r, p) PDT for similarities we use the function

a _ -
f(S/HQS-’”vP)= gg I(S) f(gl(s)lp,s,?,p) @)
which, for the exponential decay relationship gives us
fls 18,7, p)={1/s| f(-In(s)| n.S.7, p) )

and, for the Gaussian relationship gives us
fls|n,S,r,p)= ]1/(23«]—]113)] f(«]—]ns Iu,S,r,p). (6)

This permits the use of similarities in a ML framework where the
&

4. Comparative Results of Probabilistic and Deterministic Models

Three experimental comparisons were made to assess the metric
predictions of probabilistic Thurstonian models and deterministic nonmetric
. models. The first comparison is a Monte Carlo study that assesses the
abilities of the different models to correctly determine a Euclidean or city-
block metric when using similarity data characterized by different
discriminal dispersion magnitudes. The second comparison, also a Monte
Carlo study, looks at metric recovery for discretely valued dissimilarity data
from three percept sets of different sizes. The third comparison is an
empirical comparison involving incomplete data for mmltiple subjects.
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Two popular deterministic nonmetric methods, K'YST (Kruskal,
Young, and Seery 1977) and SYSTAT (www.systat.com) were compared on
error free simulated data sets in Euclidean and city-block metrics. The
programs gave nearly identical results when a Euclidean metric was used but
not when a city-block metric was used. XYST had lower stress solutions
about seventy percent of the time and, as a result, KYST was chosen for the
remaining analyses. For a discussion of more recent, but less available, city-
block scaling methods see Borg and Groenen (1597).

PROSCAY. (www.proscal.com) was used for the probabilistic
analyses. Selection of PROSCAL over the programs of Ennk et al. was due
to a preference for the consistency of ML estimates in situations where the
error distribution is not multivariate normal.

Due to the well known local optima difficulties associated with.
nonmetric multidimensional algorithms (Arabie 1973; Borg and Groenen
1997), 100 random starting configurations were used for all of the following
KYST analyses. To avoid premature termination, the following termination
criteria of KYST - STRMIN, SRATST and ITERATIONS - were set to
0.0000001, 0.9999999 and 200. While local optima are possible with
PROSCAL, they appear to be less frequent - due we suspect to the use of
alternating maximum likelihood estimation and the avoidance of a gradient
based optimization algorithm. Therefore, multiple random starting
configurations were not used with PROSCAL. A single least squares based
initial solution was used instead.

4.1 Similarities Comparison

Patterned after Shepard’s (1962) introductory publication on

- “nonmetric ‘multidimensional scaling, coordinates were randomly- generated-- - - -

and analyzed in a two dimensional space and adjusted so that the mean
interpoint Euclidean distance was unity. These coordinates became the
parametric centroids of the Thurstonian model that was used to generate the
sample data. (Shepard used a single configuration from a prior study but we
wanted to evaluate multiple configurations and drew coordinates from a
uniform distribution instead. Another departure from Shepard’s study was
the use of 24 random points instead of 15. Sample size effects are looked at
in the next comparison.)

To evaluate the effect of subadditivity on metric estimation, a simple
Thurstonian model was used in which the percept variances were the same
for all percepts on all dimensions. Five levels of variance were mnvestigated:
0.0001, 0.001, 0.01, 0.1 and 1.0. (Not being concerned with Thurstonian
models, Shepard assumed that all percepts had zero variance.) For each level
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of variance, coordinates were independently sampled on a trialby-trial basis
for each judgment from the parametric configurations. Euclidean and city-
block distances were then computed from the sampled coordinates and
transformed into similarities by using the Gaussian distribution for
Euclidean distances and the exponential distribution for city-block distances.
The process was repeated 100 times, providing 200 sets of similarity data for
each variance condition. (This triakby-trial sampling process should not be
confused with the procedures of related studies — Ashby, Maddox and Lee
(1994), Lee and Pope (2003} — where object coordinates are sampled once
for each subject and then applied to all within subject trials without
resampling.)

Fach set of similarities was evaluated using a Euclidean and city-
block metric by KYST and PROSCAL. One hundred random starts were
used for each KYST analysis. The random start solution with the lowest
stress was chosen. (Following all of the prior studies we have found on
metric selection with similarity/dissimilarity data, “Stress1” was used as our
measure of fit. A brief ivestigation of two, three, four and five parameter
polynomial functions showed that Stressl performed better at selecting the
correct metric. Stress2 was, on the average, about the same as Stressl but
Stress] was more consistent over the different variance conditions.)

To determine if subadditivity, which increases as percept variance
increases, is associated with cify-block data being misclassified as
Ruclidean, the percentage of city-block data sets having lower stress when
evaluated with the city-block metric was calculated. The same was done for
the Buclidean data. Results are presented in Figure 3. For the two lowest
variance values, KYST does very well at estimating the city-block metric —
98 and 99% comect. As the varance magnitude (and subadditiviy)

“increases, the hit rate rapidly declines. For the two highest variances, all-of- - -

the city-block data sets are classified as Buclidean. As expected from the
discussion of Section 2, the Euclidean data are always classified as
Euclidean, even when the variance leyels are high.

Misclassification due to the subadditivity that results from percept
variance should go away if percept variance is accounted for in the scaling
of the similarity data. To compare Euclidean and city-block solutions using
the Thurstonian PROSCAL meodel, use was made of Bozdogan’s (1987)
CAIC criterion.

The CAIC criterion is but one of many approaches now being used to
account for complexity when selecting a mode]. (See the March, 2000 issue
of the Journal of Mathematical Psychology for a review of contemporary
model selection approaches.) CAIC penalizes likelihoods by the number of
parameters estimated in the model and takes the form
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Figure 3. Metric classifications for similarity data.

CAIC=-2In L+cK

where L is the likelihood, K is equal to the number of independently adjusted
parameters, and c is the cost of adding a parameter to the model. The number

-of independently adjusted parameters X for the.isotropic Euclidean space.is. .

rr-1)
5 1 @

for m coordinates, g unique variances, p response model coefficients and r
dimensions. The last three terms are subtracted for the centering, rotation
and scale invariance of the solution. The rotational invariance term is
omitted when the city-block metric is used and when an anisotropic
Euclidean space is used. (The directionality of anisotropic space solutions
fixes the orientation of the solution.) For the cost, ¢ = In(S) + 1, where S'is
the sample size. The metric with the lower criterion value is selected.

Figure 3 shows that PROSCAL had 100% correct metric classification
for both metrics over all variance levels. These results suggest that the
subadditivity “reversal” caused by the presence of percept variance was not

K=m+q+p-r—
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a cause of classification error when a probahilistic model was used. The
results do not indicate that one will always identify the correct metric when
using a probabilistic model, even if the underlying processes are
Thurstonian. The following comparisons are designed to give some guidance
as to what might be expected under different conditions.

4.2 Discretely Valued Dissimilarities Comparison

The first comparison answered the initial question about the effect of
subadditivity on metric classification but the success it demonstrated for the
probabilistic mode] may not be enjoyed under less favorable circumstances.
In this study, dissimilarities were used instead of similarities. Dissimilarities
do not have the first comparison’s diagnostic advantage of different response
functions being associated with city-block and Euclidean metrics. To
investigate the robustness of the proposed ML model we deliberately
misspecified the distributional form in this comparison by transforming the
continuous dissimilarities to a discrete nine point scale. The nine point
transformation was made by dividing the range of each simulated subject’s
responses into nine equally spaced intervals. The continuous dissimilarities
were generated in the manner described in Section 4.1.

Three levels for the number of percepts were used in this study — 8, 16
and 24. Percept variance was held constant at 0.001 (the highest value for
which the nonmetric models -did well in the previous comparison) for all
percepts on all dimensions. As before, the data were generated and analyzed
in a two-dimensional space. Results for the city-block metric are shown in
Figure 4.
~ As expected from Section 4.1, with the low variance level], both the
deterministic and probabilistic models did a good job of predicting the tity-
block metric when the number of percepts was 24. The success rate held up
for the probabilistic method when the number of percepts dropped to 16 but
the nonmetric method’s success rate dropped drastically. Both methods
dropped when only eight percepts were present. The inability to make a
successful classification for the nonmetric procedure with eight percepts is
due in large part to both metrics achieving a stress of zero. This was not the
case with 16 percepts. Tied criteria were not an issue with eight percepts for
the probabilistic model

Classification results with the Buclidean metric data are shown in
Figure 5. As the pumber of percepts diminishes, the 100% correct
classification results of Section 4.1 diminish as well. However, the results of
the probabilistic model hold up much better than the results of the
deterministic model.
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4.3 Empirical Comparison

The literature on integral and separable dimensions, briefly referred to
in Section 1, states that “for stimuli chosen to vary along dimensions that
seemed especially ‘obvious’, ‘compelling,” ‘analyzable’ or ... ‘separable,™

. (Shepard 1991) a city-block metric is more consistent with the data than a

Euclidean metric. When separate dimensions are not obvious, then “the
subject might be more likely to judge the over-all difference directly (and)...

the Euclidean model (would) ... show more promise™ (Torgerson 1958). The

association of a city-block metric with ‘obvious’ dimensions goes back to

Attneave (1950).

Different literatures have exploited the separable/city-block and
integral/Euclidean distinction. Within the psychophysical literature, the
experimental emphasis has been on stimuli that differ with respect to shape
or color. The decision making literature has investigated the association of
cityblock/Euclidean metrics with analytic/non-analytic  information
processing (Alba and Hutchinson 1987, Baumgartner 1993; Glazer and
Nakamoto 1991). Factors that contribute to analytic processing are thought
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to include stimmlus simplicity, motivation, lack of time pressure, subject
expertise and previous analytic processing of the same attribute information.
A decision making context was chosen for the design of this
experiment in which the stimuli were twelve paper stocks used in the
- ..publication of resumes. The.paper stocks differed in two respects that are
expected to be separable — weight (three levels: 0.126, 0.220 and 0.374
oz./sheet) and color (four shades of white to medium gray: 0%, 10%, 20%
and 30% tint). Thirty-two student subjects participated in the study.
Subjects were told the study was about how experts evaluated products. A
$50 prize for the best performance was provided to enhance motivation. At
the beginning of the study, the subjects read a short essay on expert decision
making. The essay stressed the characteristics of accuracy and consistency.
The subjects were then quizzed on their understanding of the essay. The next
task introduced the subjects to the paper stocks. Subjects were told that the
paper stocks differed in weight and color and were given ten minutes to
examine them. After examining the paper stocks, dissimilarity judgments an
a 21 point scale were obtained for 45 of the possible 66 pairs of judgments.
An incomplete design was used to reduce fatigue. To reduce time pressure,
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subjects were given 30 minutes to complete this task. Ross’ (1934) method
of ordering paired comparisons was used for ordering the stimuli and a
cyclic design (Borg and Groenen, 1997) was used for determining the 45
judged pairs.

The sharp decline in classification success of the previous comparison
when going from 16 to 8 percepts and the use of incomplete data in this
experiment led to the decision to undertake a group, as opposed to
individual, analysis. The nonmetric analysis was again based upon 100
random initial configurations. Values of Stressl for the city-block and
Euclidean metrics were 0.292 and 0.246, indicating a Euclidean metric and
integral dimensions. The high stress values are indications of the difficulty
deterministic models have dealing with probabilistic data.

For the probabilistic analyses, city-block analyses were conducted for
the four combinations of a Case V/Case Il variance structure (where the
variances are the same/different for all percepts) and an isotropic/anisotropic
variance structure (where the variances are the same/different for all
dimensions). Using the CAIC criterion, Case V solutions were preferred to
Case IIT solutions and isotropic solutions were preferred to anisotropic
solutions. The Case V isotropic city-block solution, which had the lowest
CAIC criterion value, is shown in Figure 6a. The circle about percept H
ndicates the estimated magnitudes of the percepts’ standard deviations
(6 = 0.184). The CAIC criterion was 928 for the city-block solution and
986 for the corresponding Euclidean solution, indicating a city-block metric

and separable dimensions. =~ )
Since the solution in Figure 6a departs slightly from the lattice

structure of the physical stimuli, constrained city-block and Euclidean
solutions were estimated in which percepts with the same color were

" constrained to have the same mearrand percepts with the same weight were-

constrained to have the same mean. The constrained solutions estimate only
seven, instead of 24 coordinates. CAIC values improved for both metrics,
919 for the city-block metric and 960 for the Euclidean metric. The
constrained cty-block solution, with a slightly higher standard devia-

tion{& = 0.195), is shown in Figure 6b. Both solutions, being city-block,
correctly aligned their dimensions in accord with the color and weight of the
stirmuli.

Since the data for this comparison are incomplete and the percept
variance is high, a Monte Carlo analysis was conducted to get some idea of
the power for tests of a city-block vs. a Euclidean metric. Treating the
estimates of Figure 6b as parameters, incomplete data sets of dissimilarity
judgments were generated for three levels of replication: 8, 16, and 32
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Figre 6. Unconstrained and constrained city-block configurations for the paper study.

replicates. One hundred samples were generated for each replication level.
Using the CAIC criterion, the null hypothesis of a Euclidean metric was
tested for each of the three conditions.

For 32 replicates, the actual number in the study, 89 percent of the
simulated data sets were correctly classified as city-block. This number
rapidly diminished as the number .of replicates went down. The
corresponding percents for 16 and 8 replicates were 64 and 31 percent. In
limited-data high-variance situations, metric classification is very dependent
_.upon the criterion nsed. Using an AIC aiterion (Akaike 1974), which takes
the form

AIC=-2In L+2K

the correct percentage classifications rise to 92, 84 and 66 percent. This
change is due to the less siringent penalty function built into the AIC
- criterion. Arguments for preferring CAIC, which is very similar to Schwarz’
(1978) Bayesian criterion (BIC), have been presented by Bozdogan (1987).
This power analysis is designed to assist in the evaluation of the
preceding empirical comparison and care should be taken in generalizing the
results to other situations. Many factors influence the magnitudes of the
percept variances. The values of the preceding study may vary significantly
with different data types, instructions and experimental conditions. Different
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methodologies and different stimulus domains also bring their own sources
of misspecification error.

5. Discussion

It has been shown that percept variation will result in expected
distances that are more subadditive for the city-block metric than the
Fuclidean metric — a reversal of the deterministic expectation that the city-
block metric is additive and the Buclidean metric is subadditive. City-block
data thus appear to be more Euclidean than Euclidean data and deterministic
nonmetric algorithms will mistakenly classify city-block data as Buclidean.
Probabilistic MDS algorithms that explicitly account for percept variation
have the potential of being able to correctly distinguish city-block from
Euclidean metrics.

Properties of probabilistic distances need to be investigated further.
This study has concentrated on the additivity property because the additivity
properties of city-block and Euclidean metrics are very different but
discriminal processes may also affect metric classification through other
means. We know that the properties of probabilistic distances are not the
same as deterministic distances. In Case III spaces and in anisotropic spaces,
for example, we know that expected distances are not monotonically related
to the distances among the centroids (Zinnes & MacKay 1992). It is also
self-evident that for Thurstonian models, self-similarities need not be equal
(a percept with a small variance is more similar to itself than a percept with a
large variance), minimality need not exist (two different percepts may be
more alike than one percept is to itself), and the triangle inequality may be
violated. Thurstonian models can also be extended by adding devices such as

" response bias parameters (Ennis “and Johmson 1994) to “accommodate”

asymmetric data. ,

Very little is known about the properties of probabilistic distances that
arise from Thurstonian (or non-Thurstonian) processes. Probabilistic
distances may violate the properties of deterministic distances but the
underlying spatial structure of the probabilistic distance models imposes
constraints on the degree to which these violations may occur. The nature of
these constraints is largely unlmowr.

Appendix: PDFs and Expected Values

Tt is assumed that the coordinates x; of stimulus { on dimension k are
normally distributed with mean u;; and variance O'fk . For the BEuclidean
case, we can temporarily assume the covariances are zero and from {1] write
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zduk where d;, = x,, — X ;.. Thus,

dyge~ Ny O

where
Myl = Hik = ik
o'i,%k = O'rzk + O-fk .
Then, letting
Z = A/ O,

it is well known (Suppes and Zinnes, 1968) that zy is distributed as a non-
ceniral chi-square ¥ distribution with one degree of freedom ? and non-
centrality parameter

2 a2
A= My Oy

Thus,
:_,uL Zo-xjkxv—l Ay

To accommodate the situation where the covariances are not zero,
we note (dropping the i, j subscripts) that the distribution of disa spemﬁc

example of a quadratic form

o) ﬁoﬁ(wk -«/Z)Z

k=1

™ N(O,l). Johnson and Kotz (1970 Chapter 29) pr0v1de the transforma-

tions for expressing the non-zero covariance case as a function of
independent variables. The PDF f of d follows trivially as

fld[n, 8, r, p=2) =fIO(W))2d

where f(O(W)) is the PDF of the quadratic form.

To find E(d), we again go to Johnson and Kotz (1970) for the
characteristic function of Q(W) which then allows E(d*) to be alculated.
Jensen and Solomon (1972) derive moments of transformations of the type
(O(W)/E(@*))! which, letting h = %, allows E(d) to be derived. The result is
the following:
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E(d|n,S,r,p=2)=EQ}1/2)5,"

where:
0250 0.3759;(—1.25+%)
E(Q,1/2)=1-—2+ !
(0,1/2) o o
3
, 0_9375[ 2.622592 _4.6666279293 .26, ]
91 91 91 —4
- +0(6*)
Bl

8, = o (1+sh).
k=l

For the city-block metric, we start with the observation that the
difference in [2], unlike the Euclidean case [1], must be positive. Assuming,
as with the Euclidean model, that the coordinates are normally distributed,
the absolute differences of the city-block metric then follow a folded normal
distribution. PDFs of one-dimensional folded normal distributions are
provided by Leone, Nelson and Nottingham (1961) from which we get

f (d)=—-\/§1;—c{exp(—(d_2;§‘i)+ e@{—%ﬂ

'PDFs of distances derived from multidimensional folded nommal

distributions are provided by MacKay (2001). The PDF has the following
closed form i two dimensions:

f(d|IL=S,?‘=2,P=1)

L@ & ®(uet ()" ue te,d)i@) |- (72)
‘\/Ea % = % BXp|:—1kl+k2 }-Li(_l)kl+k3+l i +d)2/(2a2)]

where a = .,fO'f +0'j , b=0,0, ¢ =O'f, c, = 0’? and @ is

N



Percept Variance, Subadditivity, and Metric Classification 203

the cumulative distribution fimction (CDF) of the standardized normal
distribution. PDFs in higher dimensions are approximated. The
approximations are reported to be quite good.

To obtain the expected values, an easy approach is to calculate the
moment generating function

m(t) = j: exp(1d) f(d)dd

for the one dimensional case, then take the log for the cumulant generation
function,

c(t) = ln[ lzexp(%t(—?_# + Uzt)

it—oc’t p+o’t
1+ exp(2 ut)— exf| =——— |+ expl2ut Jerf| —=— || |
p(#) Joo xp(u) Joo ]

and evaluate setting ¢ = 0. Since the cumulants of a sum of independent
random variables are equal to the sum of the cumulants, the mean (first
cumulant) is readily found by summing over 1 dimensions to be

E(d|p,S,rp=1)= 2[__—- N2/R0, ukerf(T#_;E]].

k=1 exP(.”ff / 20—; )
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