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A probabilistic multidimensional scaling model that estimates both location and variance
parameters for proximity and preference data is described and compared to a deterministic
scaling model. Simulated and empirical choice data are used to compare models. Variance
estimates from the probabilistic model are used 10 test a hypothesis about the homogeneity of
stimulus perception under alternative modes of stimulus presentation.
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In the middle and late 1960’s, marketing researchers in the academic and practitioner
communities started experimenting with multidimensional scaling (MDS) methods (cf.
Steffire 1968, Brown, Cardozo, Cunningham, Salmon and Sultan 1968, Green Car-
mone and Robinson 1968, Silk 1969). Interest in MDS expanded rapidly and the
marketing texts that promoted MDS in the 1970s (Green and Carmone 1970, Green
and Rao 1972, Green and Wind 1973) did much to spread the awareness and popular-
ity of MDS in marketing and the social sciences. Since then, MDS is reported to have
maintained a wide base of support in marketing research (Carroll and Arabie 1980,
Cooper 1983) and a new wave of MDS textbooks (Schiffman, Reynolds and Young
1981, Coxon 1982, Davison 1983) attests to its continued popularity in the social
sciences.

A common distinction in the MDS literature is that of the difference between metric
and nonmetric models. Metric and nonmetric models make different assumptions
about the relationship between the data and the distances that are computed from the
coordinates estimated by the MDS model. Metric models assume that the relationship
has at least interval scale properties while nonmetric methods require only ordinal scale
properties.

A less frequent but equally important distinction is that between deterministic and
probabilistic models. Probabilistic models differ from deterministic models in that a
probability component is explicitly built into the model. Thus, a probabilistic model
may assume that the stimuli or the distances follow a particular probability distribu-
tion. Deterministic models only make use of probabilistic concepts, if at all, in the
process of fitting the model to the data to account for discrepancies between the data
and the estimates of the model. While most probabilistic models are metric, some, such
as that by Takane (1981), are nonmetric.
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Probabilistic models have a long history. Current development of probabilistic
models in MDS may be traced to the earlier unidimensional work by psychophysicists
(see Jones 1974 for a review) who used probabilistic models in discrimination experi-
ments “to account for the fact that there is no one magnitude of a stimulus difference
above which the subject always detects the difference and below which he does not”
(Bock and Jones 1968).

Probabilistic components may enter MDS analyses in different ways (Young 1984).
One way is to assume that the stimuli are represented by a probabilistic process. When
the data are obtained from one subject, the standard deviation of a stimulus may,
depending upon the nature of the stimulus, be used to measure the uncertainty, insensi-
tivity or unfamiliarity of the subject with the stimulus (Ekman 1956, MacKay 1983).
When judgments come from more than one subject, the standard deviation is usually
taken as a measure of across subject heterogeneity or lack of consensus (Thurstone
1945, Ballou and Pipkin 1980). Assignment of a probabilistic process to stimuli in MDS
corresponds to the one dimensional case of the Thurstone paired comparison model
(Thurstone 1927). Alternatively, one may assume that it is the differences that arise
from the stimuli and not the stimuli themselves that are characterized by a probabilistic
process (Ramsay 1977).

All of the popular MDS algorithms mentioned in the books by Paul Green and his
associates, programs such as M-D-SCAL, INDSCAL, MDPREF and PREFMAP
(Chang 1971), are deterministic algorithms that do not posit any error model. Nor are
error models present in a number of later programs that have seen extended use in
marketing, programs such as KYST (Kruskal, Young and Seery 1973), ALSCAL
(Young and Lewyckyj 1979), and LINMAP (Srinivasan and Shocker 1981).

Deterministic MDS models have a number of limitations. One limitation is the
inability to test hypotheses, for example, a hypothesis concerning the dimensionality of
the space. Deterministic models must rely on various rules of thumb for judging di-
mensionality. Other types of hypotheses concern the equality or inequality of various
parameters, such as the locations or variances of stimuli or ideal points. The ability to
perform this type of hypothesis test could be used by marketers to determine if two or
more products are perceived differently on one or more dimensions. Still other hypoth-
eses might involve the nature of the judgment process.

A second himitation of deterministic models is their inability to account for variation
in the judgment process. As a result, variation is confounded with distance. (See Takane
1980 for a discussion of the relation between standard deviations and distances.) For
stimuli that are perceived, on the average, as being very close together, variation in the
perception of the individual stimuli will result in their being estimated farther apart
when a deterministic model is used than they should be. This may be a primary cause
for the frequently noticed difficulty of estimating small distances (Kruskal 1977).

Finally, a third limitation of deterministic models is that by ignoring the information
on varation available in proximity and preference judgments, they forfeit the opportu-
nity to inform one about the variation with which stimuli, distances or dimensions are
perceived by subjects. Information on perceptual variation could be used to learn more
about the nature of the subjects’ decision processes or to answer. open questions of
substantive interest. If, for example, subjects were.providing dissimilarity judgments
among stimuli which represented new product alternatives, standard deviations of the
stimuli would indicate how homogeneously the stimuli were perceived. If the values of
the standard deviations differed from dimension to dimension and the dimensions were
identified, then the standard deviations might suggest areas in which customers should
be provided additional information.

In contrast to deterministic MDS models, most probabilistic models are able to test
hypotheses, to distinguish between variation and distance, and to explicitly estimate the
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variance associated with a particular stimulus, distance or dimension. These properties
should be of importance to all MDS users. To the user who sees MDS primarily as a
data reduction tool (Steffirc 1972), most probabilistic MDS methods offer the advan-
tage of estimates with desirable maximum likelihood properties. If, on the other hand,
one sees MDS as a measurement mode! that expresses a theory, albeit a primitive and
globalistic one, about the data-generating process (Roskam 1981), then probabilistic
MDS methods additionally offer the potential of expanding our understanding of how
people process and respond to complex stimuli.

Limitations of deterministic MDS models have motivated the development of sev-
eral probabilistic MDS models. Among them are MULTISCALE (Ramsay 1977), a
program for two or three way proximity data that assumes the judgments are normally
or lognormally distributed about the true distance; the Wandering Vector Model
(De Soete and Carroll 1983), a version of the vector model for preference data with
fixed stimulus coordinates and a preference vector whose terminus is a random vanable
with a multivariate normal distribution; and PROSCAL (Zinnes and MacKay 1983) a
program defined for proximity data which assumes that components of the coordinate
vectors that define the stimuli are normally and independently distributed.

In this paper, we shall briefly describe the probabilistic MDS model of Hefner (1958)
that underlies the PROSCAL program. An illustration of Neidell’s (1969) will be reex-
amined to demonstrate the significant differences that can occur when proximity data
are evaluated by PROSCAL and a deterministic algonthm and to indicate some con-
ditions under which the potential advantages of probabilistic methods are likely
to be realized. This will be followed by a new extension of PROSCAL that permits
an internal unfolding analysis of paired comparison preference data. (See Carroll 1972
for a discussion of internal and external analyses, unfolding, and types of data.) An em-
pirical experiment is then described for comparing the unfolding model estimated
by PROSCAL with that estimated by a deterministic algorithm. Finally, the variance
estimates of the PROSCAL model will be used to test a hypothesis about a question
raised by Green and Srinivasan (1978) on how alternative stimulus presentations
affect subject choices.

A Probabilistic Multidimensional Scaling Model for Proximity Data

Given a set of proximity or distance judgments {d,} among n stimuli in r dimen-
sions, the Hefner model assumes that the coordinates x;; of the stimuli §;,i=1,...,n
are normally and independently distributed with mean u; and vanance o?. This can be
generalized to the situation where the coordinates are assumed to be in an isotropic
space with equal variances on all dimensions for a given point but with possibly
different variances for different points. It is further assumed that the distance judgments
have Euclidean properties, specifically that

r
d:z; = kZ (xik — x;k)z- (1)
=1
Letting o = o7 + o7, it can be shown that

z; = d}/o} (2)

is a noncentral chi-square variate x?,M with » degrees of freedom (equal in this case to r,
the dimensionality of the space) and noncentrality parameter

A= D}jo},  where (3)

D:Z; = kE (ix — “/k)z 4)
=



328 DAVID B. MacKAY AND JOSEPH L. ZINNES

is the true squared distance between the two stimuli S, and S,. The model is illustrated
in Figure 1, where stimulus S, has a relatively low degree of variance and stimulus S;has
a relatively high degree of variance. A key property of the model is that the expected
distance E(d,)) between the two stimuli Si and S; will not equal the true distance D;.

The density function for the noncentral chi-square distribution is given in Kendall
and Stewart (1979, V2, p. 244). Knowing the density function, it is possible to derive
the likelihood function and estimate the unknown parameters u; and o; using maxi-
mum likelihood (ML) methods. To obtain ML estimates of the parameters, iterative
numerical estimation methods are used. An approximation of the noncentral chi-
square distribution is employed in situations where the convergence of the likelihood
function is slow. Initial estimates are needed to begin the numerical estimation of the
ML solution. Details of estimating an initial solution for the ML procedure and com-
puting the ML function are given in Zinnes and MacKay (1983).

PROSCAL permits the estimation of a hierarchy of probabilistic models, models that

Hi2
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Hii H i1

Distributions of Stimuli S; and S; on both axes differ with S;
having a low standard deviation and S; having a high standard
deviation.

FIGURE 1. Distance Judgement Model,
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differ by the rules used to assign variances. There are three broad classes of models:
stimulus, partition and distance models. With stimulus models, variances are, as in
Figure 1, directly estimated for the stimuli. The solution may be constrained so that one
or more stimuli are estimated as having the same variance. Partition models, in con-
trast, assign variances to stimuli conditionally. For a particular distance judgment, the
variance that is estimated for a stimulus will depend upon the other stimulus with
which it is compared. If, for example, a stimulus set consisted of houses and apart-
ments, a partition model could be used to estimate one variance for an apartment
when it was compared with another dpartment and to estimate a second variance when
it was compared with a house. Distance models also assign vanances to stimuli con-
ditionally. In the simplest case, the variance is proportional to the distance between
the stimulus and the ideal point being judged. Details of these models may be found in
MacKay (1983).

Several marketing studies (cf. Green 1975, Whipple 1976) have reported little differ-
ence in performance among different nonmetric MDS algorithms. This similarity does
not appear to hold, though, when it comes to comparing deterministic MDS algorithms
and probabilistic MDS algorithms.

To demonstrate the effect of variation on a deterministic MDS model, two simple
simulations were conducted. The first simulation is designed to illustrate the reaction of
deterministic MDS models to situations where the magnitude of the variation on the
stimuli differs from stimulus to stimulus. The second simulation examines the situation
where the magnitude of the variation on the stimuli is the same for all stimuli.

Differential Variation

In this simulation, dissimilarity judgments were generated for all 105 pairs of the 15
cities in the Neidell example. Distances were computed from the coordinates of the
cities using a standard euclidean distance formula. On each dimension, the coordinates
used for every distance calculation were assumed to be normally distributed with a
mean equal to the true geographic location of the cities. For 14 of the 15 cities, the
standard deviation of the coordinates on each dimension were assumed to be zero—the
locations were always the same. For the 15th city, Kansas City, the standard deviation
was not zero.

Six sets of distance judgments were simulated. In the first set, the standard deviations
o« of the coordinates of Kansas City on both dimensions were 0.25. In the other five
sets, the values of ox were set t0 0.5, 0.75, 1.0, 1.25 and 1.5. In each successive set, the
dispersion of the variations on the 15 cities thus increases. To put the magnitude of the
standard deviations in perspective, the means of the cities have a range of 4.2 on the
east-west axis and a range of 2.6 on the north-south axis. The low standard deviation
values are not atypical for a single subject but the larger ones would be more likely to
occur in a sample of heterogeneous subjects. To represent the replicated data that
would occur with multiple subjects, ten replications— 1050 distance judgments—were
simulated for each of the six sets and scaled with a deterministic MDS program and
PROSCAL.

KYST (Kruskal et al. 1973) was selected as the deterministic MDS program because
it is a popular, widely distributed program and because, like PROSCAL, it i1s one of the
few programs that can analyze both proximity and preference data and perform an
internal unfolding analysis. KYST is also able to do both metric and nonmetric
analyses.

Panels (a) to (c) in Figure 2 show the results that occurred for three of the six sets
when scaled nonmetrically with KYST. (Options used with KYST were those that are
usually associated with proximity analyses. The optimization criterion was STRESS!
and the convergence statistics of STRMIN and SRATST were set to 0.001 and 0.999
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respectively to help insure a good fitting solution.) The solution in panel (a) is slightly
better than that observed by Neidell using TORSCA. Little change was noticed when o,
was increased to 0.5. However, when o, was 0.75, as shown in panel (b), Kansas City
starts to migrate towards Oklahoma and the overall configuration begins to degenerate.
The degeneration continues steadily until in panel (c), Kansas City finally makes it to
Mexico. Significant deviations from the true locations are also noticed with the other
cities.

As the standard deviation values for Kansas City increase, the fifteen stimuli begin to
divide into two sets. One set consists of Kansas City and the second set consists of the 14
remaining cities, which all have a standard deviation of 0.0. Thus, it appears that the
standard deviations, as well as the actual locations, are determining the estimated
locations of the 15 cities. These results should not be surprising since deterministic
models confound variation and distance.

The prior analyses were repeated with KYST in a metric mode. A second degree
polynomial was used to relate the distances from the stimuli to the simulated judg-
ments. Results, not shown, were slightly worse than those illustrated in Figure 2. To see
if the results were due to idiosyncracies of KYST, the data simulated for panel (c) were
evaluated again in a nonmetric mode with ALSCAL (Young and Lweyckyj 1979). The
results of ALSCAL were almost identical to those of KYST. The product moment
correlation of interpoint distances in the KYST and ALSCAL solutions was 0.996.

It is important to realize that the poor performance of the deterministic models is due
to their inability to cope with probabilistic phenomena, and is not due to idiosyncracies
of KYST or ALSCAL, to the selection of particular optimization parameters, to an
insufficient sample size, or to the use of a mode! that does not account for individual
differences. The presence of standard deviations on the stimuli results in expected
distances that are greater than those that would occur in the absence of variation. Since
the deterministic models cannot account for variation, they assume that the larger
distances mean that the stimuli are farther apart and thus estimate the high vaniance
stimuli as being at the periphery of the space. Exactly where on the periphery of the
space a point will be located is difficult to say. When, for example, the above experi-
ments were repeated with twenty simulated subjects, Kansas City was estimated by
KYST as being in the middle of Hudson Bay.

Despite the poor results of the deterministic model, the estimates by PROSCAL were
quite good. The configuration for the final set, where the standard deviation for Kansas
City was 1.5 and the coordinates are normally distributed is shown in Figure 3.
Estimates for 13 of the 15 cities are almost perfect. Atlanta is estimated as being a bit
north of where it actually is and Kansas City has again migrated south, but not to the
degree that it did with the deterministic algorithm.

Additional data will, of course, improve the results obtained with PROSCAL. In this
example, when the sample size is doubled to 20, Kansas City retreats northward toward
its true geographic location. However, when the increased sample is evaluated with a
deterministic algorithm, the results do not improve.

In addition to providing better estimates of location, PROSCAL also estimated the
standard deviations of the stimuli. For the final set of simulated data, the 14 cities
whose locations were fixed had an estimated standard deviation of 0.01 and the esti-
mated standard deviation of Kansas City was 1.4. o

This particular example has, of course, been chosen to illustrate the nature of the
distortion that occurs when particular probabilistic phenomena are evaluated with a
deterministic model. We are not suggesting that PROSCAL will always do better than
KYST or that a probabilistic model is always to be preferred.

A question that often arises is how sensitive is a program like PROSCAL to the
distributional assumptions it makes? Prior work on paired comparison models suggests
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that “what seems of relevance is not so much the exact mathematical form of the
response function, but rather its general shape™ (Schonemann and Wang 1972). To
illustrate, Figure 3 also shows the results obtained when PROSCAL was used with
distances generated by a gamma function. The scale and shape parameters of the
gamma random deviate generator were defined so that the mean and variance of the
gamma distribution were the same as that of the normal random deviate generator used
for Figure 2c. It will be noticed that Kansas City is not as well located as when the
distribution of the data exactly matches that of the model. However, the results are far
superior to those obtained with a deterministic model. Further work on the sensitivity
of probabilistic models to their distributional assumptions needs to be conducted.

Uniform Variation

The pnior simulation demonstrated the difficulties that deterministic models experi-
ence when evaluating judgments based on stimuli with differential variability. How-
ever, in many marketing situations, where the stimuli are all well-known brands, it may
be that differential variation is not an issue and that the variation in subjects’ percep-
tions of the stimuli is of roughly the same order of magnitude. To determine how
deterministic and probabilistic MDS models perform when the level of variation on all
stimuli is the same, a second simulation was undertaken. The stimuli were the same as
those in the first simulation, the fifteen cities used by Neidell. A three-by-three experi-
mental design was used. The first factor defined the standard deviation levels of the
stimuli—0.25, 0.50 and 1.00, while the second factor defined the number of subjects for
whom judgments were generated— 1, 10 and 20. Each set of data was evaluated with a
deterministic and a probabilistic model. Ten replicates were evaluated. Fach replicate
thus consisted of (1 + 10 + 20) X 10 or 310 data sets. The total number of simulated
judgments, 105 per set, was 325,500. Replicates »ere nested in the two factors and
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crossed with the two models. Recovery, the dependent vanable, was measured by the
product moment correlation of the estimated distances with the true geographic dis-
tances between the cities. As before, PROSCAL was used for the probabilistic model
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and KYST was used for the deterministic model. Both models assumed the data were
metric, a second degree polynomial was used with KYST.

Results are plotted in Figure 4. In all situations, it is observed that the results using
the probabilistic model are superior to those using the deterministic model. However,
when the level of the standard deviations is low, the models perform about the same.
Also, the improvement brought about by the probabilistic model increases dramatically
as the number of subjects increases. Main effects and the interaction were significant at
the 0.001 level. The nature of the distortion caused by the deterministic programs was
the same as that observed earlier, namely, that cities close to each other were estimated
as being farther apart as the amount of variation increased.

A Probabilistic Unfolding Model

The multidimensional unfolding model (Coombs 1950) represents both subjects and
stimuli as points in a multidimensional euclidean space. The distance between a subject
point, often referred to as an ideal point, and a specific stimulus point is an inverse
measure of the subject’s preference for that stimulus.

The unfolding model may also be defined probabilistically so, like the PROSCAL
model for proximity data, the coordinates defining a point follow a normal probability
distribution. However, the points now include ideal points as well as stimulus points.
Earlier, Zinnes and Griggs (1974) defined a probabilistic unfolding model in which the
standard deviations for all the stimuli were the same. In the situation discussed here,
this limitation is removed and variances on the stimuli are allowed to differ.

When used for preference or dominance judgments, PROSCAL requires that sub-
jects indicate, for each pair of stimuli, the extent to which one stimulus is preferred over
the other. In the experiment described below, each dominance judgment consists of two
pieces of information. The first indicates which stimulus is most preferred and the
second indicates the degree to which the subject likes the preferred stimulus. This type
of judgment we refer to as a preference ratio judgment. In experimental situations
where the number of all possible paired comparisons is prohibitive, incomplete data
can be used (Zinnes and MacKay 1983). Alternatively, preference ratios can be de-
duced from other experimental data collection methods (Torgerson 1958).

The preference ratio judgment of subject / for stimulus j relative to stimulus & is
represented by the ratio d,./d, where d;. is defined as in (1) except that the indices i and
k are over the sets of subjects and stimuli respectively. Conversely, one may think of
d,/d, as a measure of disutility for j relative to k. The use of d;/d;, a ratio of differ-
ences, as a decision rule to model preference ratio judgments is consistent with results
obtained by Birnbaum (1982). This is not a trivial conclusion, since judgments of one
type can often be portrayed best by models incorporating a decision rule of a different
type. Judgments involving ratios of ratios, for example, were best represented by a
difference of differences decision rule. (Ratio of difference measures, though not widely
used in marketing, have been studied extensively in psychology. See Birnbaum 1982 for
a review.) ’

To find the distribution of the ratio u = d;;/d;, we start with the observation from (2)
that

dijol ~ x4, didok ~ X2,
Since the ratio of two noncentral chi square distributions follows the double noncentral
F Distribution,
uz(dlzk/alzj) ~ F:’A.,)qk)'

. Differentiating to get the pdf needed for the ML estimates we get
S(w) = 2u(}/of) f"(u).



