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Simple procedures are described for obtaining maximum likelihood estimates of the location
and uncertainty parameters of the Hefner model. This model is a probabilistic, multidimensional
scaling model, which assigns a multivariate normal distribution to each stimulus point. It is
shown that for such a model, standard nonmetric and metric algorithms are not appropriate.

A procedure is also described for constructing incomplete data sets, by taking into consider-
ation the degree of familiarity the subject has for each stimulus. Maximum likelihood estimates
are developed both for complete and incomplete data sets.
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In this paper we develop a procedure for obtaining maximum likelihood (ML) esti-
mates of the parameters of a probabilistic, multidimensional scaling model. The data to
be analyzed are assumed to consist of the judgments of the dissimilarity between pairs of
stimuli, or of equivalent responses.

The maximum likelihood estimator has been selected because of its optimal proper-
ties, at least for large samples. Furthermore, since for such samples the sampling distri-
bution of the ML estimator and that of the likelihood ratio statistic are well known, it is a
relatively straight-forward matter to carry out statistical tests of goodness-of-fit or those
of parameter invariance and dimensionality. It is shown that standard nonmetric or
metric estimation procedures are not appropriate for the multidimensional model treated
in the paper, and in fact the use of these estimation procedures can lead to some highly
degenerate or pathological solutions.

The ML procedure developed contains two basic components: (i) a simple approxi-
mation of the likelihood function, and (ii) simple expressions for the initial estimates of the
unknown parameters. These estimates are used as the starting values (SV) of the iterative
procedure that maximizes the likelihood function. The first part of the paper focuses on
the problem of obtaining a mathematically tractable approximation to the likelihood
function, and the latter part of the paper on the problem of obtaining simple, but effective,
SV estimates of the unknown parameters.

The specific probabilistic, multidimensional model used is the one proposed by
Hefner [1958]. Other probabilistic models have been developed [Richardson, 1938; Bech-
tel, 1976; Ramsay, 1977], but the Hefner model seems to be a more natural multidimen-
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sional extension of the single-dimensional model of Thurstone [1927]. Each stimulus in
the Hefner model is characterized, on each dimension, by a location parameter and a
variability parameter, which in the one-dimensional case corresponds exactly to the Thur-
stone pair comparison model [Thurstone, 1927]. Each stimulus in the Hefner model is
characterized, on each dimension, by a location parameter and a variability parameter,
which in the one-dimensional case corresponds exactly to the Thurstone pair comparison
model [Thurstone, 1927].

The Hefner model has actually been used a great deal since 1958, but it has often not
been explicitly identified. It has most frequently been used in simulation studies [for ex-
ample Young, 1970; Sherman, 1972; Graef & Spence, 1979], but it has also been investi-
gated experimentally [for example Zinnes & Wolff, 1977; MacKay & Zinnes, 1981] and it
has been discussed in various theoretical ways [Suppes & Zinnes, 1963; Ramsay, 1969;
Zinnes & Griggs, 1974; Zinnes & MacKay, 1981].

The goal of this paper is to obtain ML estimates of both types of parameters, the
location and the variability parameters, and to do this for individual subjects without
requiring either replicated data or complete data sets. Complete data sets consist of all the
n(n — 1)/2 pairwise responses that can be obtained from a given set of n stimuli, when the
order or position of the stimuli in each pair is ignored. Incomplete sets have some number
of responses less than this. In this paper we are primarily interested in analyzing incom-
plete data sets of a specific type—to be described later—although of necessity both com-
plete and incomplete sets are treated.

1. The Hefner Model

In this model, each stimulus S;, i = 1, n, is represented by an r dimensional random
vector (X, X;,, ..., X;,), the components of which are normally and independently dis-
tributed with mean u;, and variance ¢?. From this notation it should be clear that we are
assuming that the variance of each point does not change from dimension to dimension,
but we are not assuming that the variances of different points on any given dimension are
necessarily equal. Thus each dimension looks exactly like a Thurstone Case 3 pair com-
parison model [Thurstone, 1927].

The assumption that each stimulus has the same variance on all dimensions is a
severe one. It implies, in effect, that the stimulus space is isotropic, that there are no
dominant directions. It would be desirable to treat the more general case, which would
allow for nonisotropic spaces, but such a treatment would of necessity require more
specialized assumptions. It is not possible merely to allow all the variances on all of the
dimensions to be completely independent. This would increase enormously the number of
parameters to be estimated and would thus drastically limit the power of the model. (One
possible approach, which might be useful in certain contexts, is discussed in Section 8.)

There are two possible interpretations of the variance parameter, depending on whe-
ther one wishes to analyze individual or group data. For individual data, the variance
parameter can be conceptualized as the level of unfamiliarity or uncertainty the subject
has concerning the nature of the stimulus. Thus, for example, the Case 3 version of the
Hefner model treated here would be applicable to stimulus sets consisting of cities in the
United States, whose locations are not equally familiar to the subject. When the data to
be analyzed are group data, the variance parameter is typically interpreted as an individ-
ual difference parameter. Since we are chiefly interested in analyzing individual data, we
refer to the variance parameter in this paper as an “uncertainty” parameter.

To obtain the ML estimates of u; and g, it will be necessary to specify the density
function of the distance random variable d;;, defined by:

d‘zl = kZl(Xik — Xjk)z.
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We start first with the square of the “standardized” distance d7; /o7, where we define
ok =0l +o0}. M

It will also be necessary to work with the “true” distance D;; between points i and j,
defined by

Dizj = Z (us — ujk)z' 2
k=1

Then, under the assumptions of this model, it can be shown [Hefner, 1958] that d}; /o2 has.
the noncentral chi-square distribution x’z(v,).,j), where v, the degrees of freedom, equals
(the dimensionality of the space) and 4;;, the noncentrality parameter, equals 4; = D3 /o?,.
It will simplify the discussion to let D; = D;;/o;; and d}; = d;;/a;;.

Before proceeding further, it will be useful to point out the differences between the
random variable d;;, the true distance D;;, and the expected value E(d;;). The expected

value E(d;;) can be approximated by [Patnaik, 1949]

E(d,) = U”{z.‘l___g_i_b_):ll/z

where a =v + 4;; and b = 4;;/(v + 4;;) and v and J;; are as defined previously. The accu-
racy of (3) improves as (v + 4;;) increases. We can therefore use (3) to show that as 4;;
approaches infinity, E(d;;) approaches D;;. Thus, in the Hefner model the expected value
of the random variable d,; will correspond exactly to the true distance D;; only when 4;;
or, equivalently when Dj; is indefinitely large.

To show what happens when Dj; is small, it is easier to work with the squared
distance d};. Since the mean of the noncentral chi-square distribution is exactly equal to
v + A, it follows that the expected value of the squared distance dZ equals

E(d?) = v} + D}. 4

From (4) it can be seen that as the true distance D;; decreases toward zero, E(d?) ap-
proaches va};. This result shows that the expected value of d;; will not equal zero when the
true distance D;; is zero, and in fact, can be appreciably larger than zero. In particular, if
o;; approaches infinity, the expected value of the distance d;; will also become indefinitely
large, even when the true distance D;; is zero.

These properties of the Hefner model indicate that the expected distance E(d;}) and
the true distance D;; are not related to each other in a simple, monotonic way. Large
values of the true distance D;; do not necessarily result in large values of E(d;;). As noted,
E(d;;) can be indefinitely large even when the true distance D;; is negligible. In more
empirical terms, these properties of the model imply that similarity judgments of a subject,
who follows the Hefner model, will not necessarily be monotonically related to the true
distance, even if those distances are replicated an infinite number of times. (Some of the
practical consequences of this nonmonotonicity property of the Hefner model are ex-
plored in Section 7.)

The nonmonotonicity property is also applicable to the one-dimensional case and, in
fact, is well known in the older literature. It is well known that the one-dimensional
Thurstone Case 3 model does not imply that equally-often-noticed-differences are equal.
It is also well known that this model does not imply strong stochastic transitivity, a
property closely related to the nonmonotonicity property.

Even in the preference literature, this nonmonotonicity property is well known. It has
been shown, for example, that if the Thurstonian assumptions are added to the unfolding
model [Coombs et al., 1961], the choice probabilities will not be monotonically related to
distances. The magnitudes of the choice probabilities will depend not only on the distance
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between the ideal point and the stimulus points, but also on the position of the ideal
point.

2. The Distance Density Function

In the previous section it was indicated that the random variable d;} has a noncentral
chi-square distribution. This fact can be used to obtain the density function of d;;, which
is the basis of the likelihood function that is to be maximized.

Starting with the distribution function F(d;)), it follows from what has been stated
thus far that

pay - o) 5

ij,

where G is the noncentral chi-square distribution function. Differentiating (5) by d;;, and
using g for the noncentral chi-square density function gives

dz\ 2d.
= of =8| 24}
f(dij) = 9(0_?) 0121 ’ 6)

which shows that the desired density function f(d,;) can be expressed quite simply in terms
of g(---). Thus, to evaluate f(dy), it is sufficient to concentrate on procedures for evalu-
ating g.

Although the noncentral chi-square density function is generally expressed in terms
of an infinite series of beta functions [Kendall & Stuart, 1961, p. 228], for calculation
purposes it is simpler to express the infinite series recursively, giving

v/2 ]
92) = e‘“/”‘”"(-;) WA ™

k=0

1v
where Ag = ) ®)
Az
Ay = ” Ay, ®
‘4k(k + 3~ 1)

and z is the noncentral chi-square random variable. Equation (9) makes it clear that the
infinite series will converge rapidly only when Az is small or v is large. For two dimension-
al configurations, v = 2, so rapid convergence depends entirely on Az being small.

From some simple calculations, some of which are shown in Table 1, it can be dem-
onstrated that reasonably accurate results will be obtained in five terms or less if Az < 6.5,
when v = 2. More specifically, letting g, be the value of g(z) when only the first k terms of
(7) are summed, then it will be the case, for some value of k < 5, that

& < 1.00001 (10)

Ik-1
when v =2and iz < 6.5, or equivalently when:
D;;di; < 2.55 (11)

If v is greater than 2, this Az criterion will produce even higher levels of accuracy in
five terms or less.
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Table 1
Accuracy of the Approximation of the Density Function f£(d) for
Large Values of Dd (cij=1)

=1 D=2
d K  Exact Percent d K Exact Percent
Error Error
2.61 6 .1880 -1.498 1.345 6 .2808 -1.260
2.70 6 .1643 -2.028 1.660 6 .3595 .905
2.79 6 1424 -2.509 1.975 7 L4115 1.737
2,88 6 .1224 -2.929 2.290 8 4224 1.621
2.97 6 L1043 -3.274 2.605 8 .3895 .920
3.06 6 .0881 -3.533 2,920 9 .3233 - .043
3.15 6 .0739 -3.694 3.235 10 L2417 - .989
3.24 6 .0613 -3.747 3.550 10 .1630 -1.680
3.33 6 .0505 -3.680 3.865 11 .0991 ~1.906
3.42 7 .0413 -3.481 4.180 11 0544 -1.471
3.51 7 .0335 -3.142 4.495 12 .0270 - .187
D=V10 = 3.162 D=5
.849 6 .0151 -5.747 1.500 10 .0005 -3.363
1.115 7 .0304 ~4,396 2.187 13 .0051 -2.329
1.381 8 .0558 -2.988 2.760 16 .0243 -1.205
1.648 8 .0939 ~1.733 3.561 19 .1204 - .150
1.914 9 .1456 - .725 4,133 21 .2507 .152
2.180 10 .2085 .004 4.591 23 .3536 177
2.446 11 .2763 .458 5.049 24 L4024 .077
2.712 11 .3392 .666 5.393 25 .3853 .038
2.979 12 .3861 .671 5.900 29 .2903 - .202
3.245 13 .4080 .520 6.650 32 .1184 - 244
3.511 14 .4002 .266 7.850 36 .0086 .873

Note: Column "d" contains values of the distance random variable
greater than 2.55/D. Column "K" shows the number of terms that
have to be summed if the exact expression (Eqs. 6 and 7) is used.
The column "Percent Error" indicates the percent by which the
approximation overestimates the correct value.

What is needed is an approximation to the density function when Az is large. For this
purpose we use Sankaran’s [1959] normal distribution approximation of the noncentral
chi-square distribution. Of the four well known noncentral chi-square approximations,
the Sankaran approximation seems best, even compared to those that use a central chi-
square approximation [Zinnes & Wolff, 1977].

According to the Sankaran approximation, if

z h
y=<v+l), (12)
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where z is the noncentral chi-square random variable, and
2(v+ v +34

h=1-3 v +2
then y will be approximately normally distributed with a mean of
ks k3
py,=1+hh—1) 2w h(h — 1Y2 — h)1 — 3h) 8k (13)
and a standard deviation of
_ h(k,)'? (1 — kY1 — 3h)k,
="k o 14
where k,=v+4 (15)
and o ky=2v+22). (16)

Thus, from the Sankaran approximation, we obtain

z h
G(z) = <I>[<v " l) ] (17

where @ is the normal distribution function, with u and ¢ as defined in (13) and (14).
Differentiating (17) with respect to z, and using ¢ for the normal density function gives:

h
9) = ¢[(;—j—0 ](v + 2)~Mhz*™Y) (18)

which provides the desired approximation, the accuracy of which increases as Az in-
creases.

Table 1 gives some idea of the accuracy that can be expected from (6) and (18) when
v=2, D;;d;; > 2.55 and 6;; = 1. The column labeled “Exact” consists of values of the
density function f(d), using (6) and (7) and summing the number of terms shown in the
previous column. The last column, “Percent Error”, shows how well the approximation
(18) works under these conditions. Positive percent errors indicate that the approximation
overestimates the correct value, the value shown in the “Exact” column.

This table shows that the approximation of the density function f(d) typically has less
than 2 or 3 percent error, and frequently considerably less. The larger percent errors occur
only in the extreme left hand tail of the distribution, and therefore are likely to be rela-
tively rare.

It is also evident from Table 1 how impractical it would be to use the exact ex-
pression (7) for all values of d. For example, when D;; = 5, d;; = 7.85, and g;; = 1, it takes
36 terms of achieve the level of accuracy described previously in (10).

To summarize: the algorithm that we use to approximate the density function f(d;))
has two distinct parts, depending on whether D'd’ is less than or greater than 2.55, If
D'd < 255, then the algorithm uses the exact expression given in (7). The number of
terms summed in (7) is governed by the accuracy criterion defined in (10), but in no case
will it exceed five terms. When D'd’ > 2.55, then the approximation given in (18) is used. If
v = 2, and the values of the random variable are not too far out in the left-hand tail of the
distribution, this algorithm typically does not produce errors exceeding three percent.
Furthermore, when v exceeds two, the accuracy of this algorithm improves considerably.
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3. Constructing Incomplete Data Sets

Several procedures have been suggested for constructing incomplete data sets that
have desirable properties. Spence and Domoney [1974] and Graef and Spence [1979]
investigated cyclic designs, designs based on random deletions, and designs based on de-
letions of small, interpoint distances. Young and Cliff [1972], working with computer
interactive procedures, have suggested a procedure which involves partitioning the stimu-
lus set into two disjoint subsets. Complete data are obtained from one subset (the refer-
ence set) and incomplete data from the other. Young and Cliff’s criterion for determining
which stimuli to include in the reference set tends to select stimuli that are far apart and
do not lie in a subspace of the complete space.

The procedure we have adopted for selecting incomplete data sets also partitions the
stimuli into reference and nonreference sets, but does so on the basis of the magnitude of
their uncertainty values. The stimuli having the lowest uncertainty values make up the
reference set, and the remaining stimuli, the nonreference set. The exact size of the refer-
ence set needed to achieve a given degree of recovery will depend on how small the
uncertainty values of the stimuli are. Procedures for obtaining preliminary estimates of
the uncertainty values of the stimuli are described below.

Once the m reference stimuli have been selected from among the n stimuli under
investigation, the incomplete data set is constructed in the following way. All the
m(m — 1)/2 interpoint distance judgments between pairs of reference stimuli are obtained,
as well as all the interpoint distance judgments between each of the m reference stimuli
and the n — m nonreference stimuli. Thus, the judgments that are specifically excluded
from the data set are those involving judgments between pairs of nonreference stimuli.
The total size of the incomplete data set is then equal to m(m — 1)/2 + (n — m)m.

As an example, consider a set of 10 reference stimuli and 20 nonreference stimuli. The
complete data set for this example contains 435 judgments of interpoint distances, com-
pared to 245 for the incomplete set. This is a reduction of about 44 percent. The percent
of reduction in any particular case will depend on the relative magnitudes of m and n.

This method of selecting incomplete data sets can have excellent recovery properties
[Zinnes, MacKay, & Williams, Note 1]. A smaller amount of data containing less varia-
bility can give better results than a larger amount, containing more variability.

This procedure for constructing incomplete data sets assumes that the experimenter
has prior knowledge of the stimuli which are familiar to the subject and those which are
unfamiliar. In most practical applications, we have found it simplest to ask subjects, prior
to the multidimensional phase of the experiment, to select the m stimuli with which they
are most familiar. There seems to be a reasonable relationship between these familiarity
ratings and estimates of the uncertainty parameter, when the degree of unfamiliarity is not
too high [MacKay & Zinnes, 1981]. When data are collected interactively at computer
terminals, it is possible to improve on these initial estimates of the uncertainty parame-
ters, by calculating new estimates after some data have been obtained.

4. Starting Values: Complete Data

To estimate the coordinates and variances of a given set of stimuli, it turns out to be
necessary to treat the reference and nonreference stimuli separately. If this is not done, the
greater variability of the nonreference stimuli will perturb the solution of the reference
stimuli, degrading unnecessarily the parameter estimates of these stimuli. Since the subset
of reference stimuli form a complete set of data, it is therefore necessary to describe esti-
mation procedures for dealing both with complete and incomplete sets of data, even
though we are primarily interested in the latter. We start with the complete case and focus
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on the problem of obtaining good starting values (SV) for these data. The incomplete case
is taken up in the next section.

There are several plausible procedures for obtaining SV estimates for the complete
data case. However, the more complicated procedures that we studied did not produce
appreciably better estimates of either the location or the variance parameters. Conse-
quently we describe next just the simplest one.

Estimates of the location parameters can be easily obtained by the Young-
Householder procedure [Young & Householder, 1938], which involves converting inter-
point distances into scalar products and calculating the eigenvectors and eigenroots of the
scaler product matrix. The accuracy of these estimates of the location parameters, ob-
tained by ignoring the variance parameters, will depend on the magnitude of these vari-
ances. (This point is further amplified in Section 7.)

To estimate the variance parameters, we make use of the approximation [Abramo-
witz & Stegun, 1967, p. 943]

2 1
ag,,;"—z'l{l +b— - [8b + (L +bX1 —7b)]}, (19)

which gives the variance of the distance d;; when Dj; (or v + 4;)) is large. (The definitions
of a and b in this equation are the same as those given following (3).) When A;; becomes
indefinitely large, (19) shows that

05, = 05 =6} + o} (20)
As an estimate of o7, we use
63, = [y — Dy)? 1)

where d;; is the observed dissimilarity judgment of the stimuli S; and §; and ﬁ,-, is the
euclidean distance, calculated from the coordinates that have been estimated from the
Young-Householder procedure. From this equation and (20) we obtain

(dlj —_— DAU)Z = &12 + 612.
The right-hand side of this equation is unknown, but since it generates a simple system of
m(m — 1)/2 linear equations, least squares estimates of the variance parameters 62, i = 1,

m, can be obtained readily by standard methods. In fact, the solution can be expressed
explicitly as
T,
Y m—1

AZ————
G = ———, (22)

where we have let R; denote the i-th row sum of the error matrix (di; — DA,-,-)2 and T,
denote the sum of the upper half of this matrix. The diagonal terms of this error matrix
are assumed to be zero.

The least square estimates given in (22) will be identified as the SV estimate of the
variance parameter for the complete data case.

To determine the accuracy of these SV estimates for the complete data case, a simu-
lation was carried out consisting of 30 points, randomly located in a 2 dimensional unit
circle. The value of uncertainty assigned to each point was between 0 and .3. Ten indepen-
dent random samples of the distance random variable d were obtained under these con-
ditions.

The SV estimates of the variances, based on (22), are shown in Figure 1. This figure
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FIGURE 1.
SV estimates of the uncertainty parameter of the reference points. The standard error of estimate of 5 of the
points is indicated by the vertical lines.

indicates that there is relatively little bias in the estimates of the uncertainty parameter,
but there is also a fair amount of variability. This latter property is suggested by the
variability of the points around the 45 degree line, and also by the sizes of the estimates of
the standard error. However, these standard errors do not seem to be affected by the
magnitude of the true uncertainty values.

No doubt the accuracy of these estimates of the variances would improve drastically
if the interpoint distances were replicated, even to a small degree. However, it appears
remarkable to us how well the variance parameters are estimated without replication and
without using more complicated estimation procedures.

5. Starting Values: Incomplete Data

We assume now that the coordinates and the variances of the m reference stimuli
have been estimated using the procedures described in the previous section, and we turn
next to the n-m nonreference stimuli.

Estimates of the coordinates of the nonreference stimuli S;, f=m + 1, n, can be
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obtained by minimizing

m (d . D‘ _)2

E,=Z—L'—m—L, f=m+1,n (23)
i=1

where the summation on the right side is over the m reference stimuli. Since the coordi-

nates of the reference stimuli are assumed to be known, this minimization process involves

determining just the r coordinates u x> K =1, r, of each of the nonreference stimuli S IR

f=m+ 1, n; ris the dimensionality of the space.

There are several well known optimization algorithms that can be used to carry out
the minimization. For the examples described later on we have used, among others, algo-
rithms based on quasi-Newton methods (ZXMIN from the IMSL Library, 1979), steepest
descent methods [Kruskal, Young, Seery, Note 2.] and stepwise search methods
[Chandler, 1969]. Generally the results obtained by these different approaches have been
approximately equivalent, both as to time and accuracy.

There is an alternative approach, one that is simpler computationally, but is con-
siderably less accurate, as indicated by the figures obtained. This approach minimizes
errors using squared distances, rather than the distances themselves. Thus, instead of
minimizing E, as defined in (23), the expression

m dzi _ D‘Zi 2
E'f= Z (_Lm_L) (24)
i=1

is minimized. The simplicity of this approach derives from the fact that it can be reduced
to a standard linear multiple regression problem [Schénemann, 1970; Carroll, 1972;
Bechtel, 1976]. In the present context the linearity of the problem can be seen by ex-
panding

r
D}i = Z (g — “iz)2 s
t=1
and then letting
r
Vi = D}i - Z uizr
=1
r
ap = Y uj,
=1

bft = — Zuﬁ,

to obtain the standard multiple regression equation

Ya=as+ Y by u,. 25)
t=1
Assuming that the origin has been placed at the centroid of the reference stimuli, the least
squares solution to the regression weights b et =1, ris just
b,=U U)"'UY,, . . (26)

where b, is the r dimensional vector (b,,), U the m by r matrix (4;) and Y s the m dimen-
sional vector (y;). The SV estimates of the coordinates u 1> t = 1, r of nonreference stimu-
lus S, would then be equal to

. —b
u,,=—2-ﬂ. 27
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In the following discussion we pursue further the first method, based on minimizing
E;, although it may very well be the case that the computational simplicity of the alter-
native approach more than compensates for its lower level of accuracy.

To obtain the SV estimates of the variance parameter o of the nonreference stimuli
S;,f=m + 1, n, we make use of the approximation given in (20) to obtain

oiy=0j+oi, i=lm f=m+1in (28)
Summing (28) over the m reference stimuli gives
20'3,,=ma}+20i2, f=m+l’n, (29)
i=1 i=1

and solving for o} , we obtain the estimator

1} & “
6}=;[ZGEI‘—‘ZU?:|, f=m+1n (30)
i=1

=1

The first summation on the right side of (30) can be evaluated by using (21), which in

w2
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FIGURE 2.

SV estimates of the coordinates of the reference and nonreference points. The horizontal axis shows the correct
values of the interpoint distances and the vertical axis the average of the estimated values.



38 PSYCHOMETRIKA

Av (6-.)
3

t 1
1 I
.25 .30 .35 .40 .45 .50 .55 .60
of
FIGURE 3.
SV estimates of the uncertainty parameter of reference and nonreference points.
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fact results in E, as given in (23). The second summation on the right side of (30) is just
the average variance of the reference stimuli, which can be calculated by the method
described in the previous section.

In the examples that follow, we take (30) to be the SV estimates of the variance
parameter of the nonreference stimuli.

6. Properties of the SV and ML Estimates: Incomplete Data

The simulation described next is intended to illustrate the accuracy of the SV and
ML estimates for the incomplete case.

The ML estimates are obtained using the procedures described in Sections. 2, 4, and
5. The approximation of the density function of the dissimilarities comes from Section 2.
The sum of these density functions, one for each of the observed dissimilarities, is just
equal to the log of the likelihood function. The SV estimates for the reference stimuli are
obtained by the method given in Section 4 and those for the nonreference stimuli by the
method given in Section 5.

A number of different iterative algorithms were used to carry out the maximization
process, although primary use was made of the ZXMIN algorithm from the IMSL library
[IMSL, 1979]. However, it did turn out to be useful to alternate between estimating the
coordinates and estimating the variances. There was some reduction in computing time
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when each one of these types of parameters was held fixed, while the other was being
manipulated. (The computer program that implements all this is called PROSCAL, for
Probabilistic Scaling.)

The simulated data were constructed using 30 stimuli, randomly located in a two
dimensional unit circle. Each stimulus was randomly assigned an uncertainty value be-
tween 0 and .6; the ten stimuli having the smallest uncertainty values became the “refer-
ence” stimuli and the remaining stimuli the “nonreference” stimuli. The set of simulated
distances consisted of the 45 interpoint distances between reference stimuli and the 200
interpoint distances between reference and nonreference stimuli.

Ten independent simulations satisfying these conditions were performed. Each simu-
lation involved independent random samples of the relevant interpoint distances. The true
location of the 30 points was the same over all ten simulations, as was the value of
uncertainty assigned to each point.

The ML estimates of the coordinates and variances were obtained by maximizing the
likelihood function, using the approximations described in Section 2. The SV estimates for
the reference and nonreference stimuli were obtained by the procedures described in the
previous two sections.

The SV estimates are shown in Figures 2 and 3, and those for the ML estimates in

w
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FIGURE 4.
ML estimates of the coordinates of reference and nonreference points.
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Figures 4 and 5. Comparing Figures 2 and 4 suggests that the ML estimates of the lo-
cation parameters are substantially better than the corresponding SV estimates, although
even for the SV estimates the accuracy is amazingly good. The improvement obtained
from the ML estimates appears to be mainly in the variability of the estimates, rather
than in less bias.

Comparing Figures 3 and 5 suggests a somewhat different conclusion. The ML esti-
mates of the uncertainty parameter, shown in F igure 5, do not look substantially better
than the SV estimates shown in Figure 3. In fact, the ML estimates may even be worse.

These conclusions can be strengthened by using a quantitative measure of recovery.
For a measure of error in recovery we use

y '(D:'j - Dij)z
ER=2l— (31
2. Dj;
i>j
A comparable measure of recovery can also be defined for the uncertainty parameter.
Table 2 shows the value of ER for both the SV and the ML estimates. On the basis of
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FIGURE 5.
ML estimates of the uncertainty parameter of the reference and nonreference points.
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Table 2

Errors in Recovery of Distances and Uncertainty Values

Distances Uncertainty Values
Type of Estimate ER ER
sV .186 .136
ML .110 .183

the ER values for the interpoint distances, the ML estimates of the location parameters
(ER = .110) are definitely superior to the SV estimates (ER = .186). This is exactly what
was concluded from visual inspection of the figures.

The values of ER for the variances also confirm what was suggested by the figures.
According to the ER measure, the ML estimates of the variances are actually worse
(ER = .183 versus .136 for the SV estimates).

We find these results surprising and disappointing. We had assumed that the ML
estimates of both the coordinates and variances would be a substantial improvement over
the simpler SV estimates. These results evidentally reflect the small sample properties of
the ML estimator. At present, it is an open question as to how large the data set would
have to be for the large sample ML properties to come into play.

7. Nonmetric Solutions

In Section 1 it was pointed out that the Hefner model does not have the monotonic-
ity property which underlies most, if not all, of the nonmetric multidimensional algo-
rithms. The expected value of the distance in the Hefner model need not be monotonically
related to the true distance. Does this property of the Hefner model have practical conse-
quences? To answer this question, it may be useful to illustrate what happens when a
typical nonmetric algorithm is applied to data generated by a subject who follows the
Hefner model.

In the following three examples, simulated data were generated from three different
two dimensional configurations. In each case, the data set consisted of a complete set of
“observations” of all the interpoint distances in the configurations. Furthermore, in Ex-
amples 1 and 2 all the interpoint distances were replicated a fixed number of times: 30 in
Example 1 and 10 in Example 2. In Example 3 the simulated data were equal to the
expected values of the interpoint distances and therefore can be conceptualized as the
average of an infinite number of replicated judgments of a Hefner type subject.

The same nonmetric program, KYST [Kruskal et al., Note 2], was used to analyze
the simulated data in all three examples. This program was applied using both stress
formulas 1 and 2, although the figures that follow show only the results for one of these
formulas (stress 1 in Examples 1 and 2, and stress 2 in Example 3)."Table 3 gives some of
the results for both stress formulas. In fact, there were no detectable differences in the
accuracy of the solutions obtained from either stress formula.

To handle the replicated data, it was assumed, in carrying out the nonmetric analy-
ses, that a single configuration and a single regression were appropriate for all replicates.
All the other KYST options used were those obtained under the default conditions.

To minimize possible problems arising from local minima, several different starting
configurations were used, both for the KYST analyses and for the ML analyses. In all
cases the true configuration was one of the starting configurations used, but it did not
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always produce the optimal KYST solution, namely the solution having the lowest stress
value. The results reported in the following figures and tables are those obtained from
these optimal solutions and from solutions having a normal termination, meaning that
the iterations terminated because the stress value had stabilized.

Example 1. Hexagons. In this example, 12 points were arranged in two hexagons,
one inside of the other. The arrangement is shown in the upper left-hand panel, panel (a),
in Figure 6. Two different values of the uncertainty parameter were used: 2.5 and 1.0. The
larger value was assigned to each one of the six points forming the inner hexagon, and the

smaller value to each one of the six points forming the outer hexagon. The outer hexagon
was about two units wide.
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FIGURE 6.

The original and recovered configurations in Examples 1 and 2. Example 1 is on the left-hand side and Example
2 on the right-hand side of the figure. Panels (a) show the original configurations, panels (b) the configura-
tions recovered from KYST, and panels (c) the configurations recovered from the ML approach.
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The simulated data consisted of 30 replications of each one of the 45 interpoint
distances. '

The recovered configurations obtained from KYST and the ML approach are shown
in the left-hand portion of Figure 6, panels (b) and (c), respectively. It can be seen that the
KYST solution interchanged the position of the two hexagons. The hexagon that initially
was on the outside is now contained almost entirely inside the hexagon that initially was
on the inside.

This result is as expected, because, as shown in Section 1, the expected value of the
interpoint distances will tend to reflect, almost entirely, the uncertainty values of the stim-
uli when these values are large relative to the true distance. Therefore, the inner hexagon,
having large variances, will tend to be “perceived” by a nonmetric program as a large
hexagon, having large interpoint distances.

The solution obtained from the ML approach, as shown in Figure 6, appears to be
extremely accurate. There is no detectable difference between the true and recovered con-
figurations.

Example 2. Random Points. The configuration used in this example consisted of 20
points randomly located in a 2 dimensional unit square. The actual points are shown
plotted in the upper right panel, panel (a), of Figure 6. The points are labelled A through
T, which corresponds exactly to the order of the magnitudes of the uncertainty values
assigned to the points. Point A has the lowest uncertainty value and point T has the
highest. The actual values ranged from 0 to .5 and were randomly selected from a uniform
distribution. '

The simulated data in this example consisted of 10 replications of each one of the 190
interpoint distances.

The configurations recovered by KYST and the ML approach are shown in the two
lower right-hand panels of Figure 6, panels (b) and (c). Since these points are arranged
randomly, it is somewhat difficult to determine the characteristic features of the KYST
solution. These characteristics can be highlighted by determining the amount that each
point in the KYST configuration has drifted, either toward or away from the centroid of
the configuration, relative to its true position. To be more explicit, let us call the drift of
any particular point positive if it has moved farther away from the centroid, and negative
if it has moved closer to the centroid.

Although it is not obvious from Figure 6, it turns out that the drifts of the points in
the KYST configuration are not completely random. The correlation between the drift of
each point and its uncertainty value equals .4 (p < .04). This indicates that the KYST
solution tends to move points having large uncertainty values away from the center of the
configuration, and, conversely, it tends to move points having low uncertainty values
closer to the center of the configuration. This result, on a smaller scale, is exactly what
was observed in Example 1. The “stimulus drift” effect here is smaller, because the uncer-
tainty values used ranged over a much smaller interval.

The ML solution, shown in the lower right-hand panel of Figure 6, is actually mod-
erately close to the original configuration. The correlation of the interpoint distances
between the ML and the true configuration equals .958, compared to .763 for the KYST
solution.

Example 3. Expected Values. In this example, unlike the previous two, the simulated
data consisted of the expected values of all of the interpoint distances, rather than just a
finite number of independently sampled replications. This was done to simplify issues
somewhat. We wish to show in this example what happens to the nonmetric solution
when the uncertainty values become quite large and when the nonmetric results cannot
possibly be attributed to perturbations resulting from samples having a finite size.
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The configurations used in this example were generated by randomly selecting points
along the bell-shaped curve of the normal distribution. Three different configurations
were obtained, containing 10, 15, and 20 points each. However, only the results for the 10
point configuration are plotted in Figure 7, although some of the results for all three
configurations are shown in Table 3. There were, in fact, no fundamental differences in the
solutions obtained from these three configurations.
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The original and recovered configurations in Example 3. The higher numbered points have higher variances
assigned to them. Point A has the highest variance. The delta symbol indicates a multiple point, consisting
of points 1 and 2.
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Table 3

Values of Stress Obtained Under Seven Different Levels of O'B*

Values of o *
B
Stress

N Formula .15 .30 .60 1.2 2.4 4.8 9.6
10 1 .00 .04 .10 .14 .12 .12 .10
10 2 .01 .09 24 .31 .20 .18 .15
15 1 .00 .00 .02 .07 .14 .16 .16
15 2 .00 .01 .03 .14 .27 .31 .30
20 1 .00 .01 .03 .07 .14 .17 .19
20 2 .00 .02 .06 .15 .28 .32 35

*The standard deviation cB is the upper bound of uncertainty assigned to each point.

The values of the uncertainty parameter assigned to each point varied between 0 and
an upper bound g,. Seven different values of g5, ranging from .15 to 9.6, were used. The
exact values are shown in Table 3. The relative size of these uncertainty values can be
appreciated by noting that the coordinates of the configurations were standardized to
have a standard deviation of one on each of the two axes.

Figure 7 shows the configurations recovered by KYST for each one of the seven
simulations. The upper left-hand panel in this figure shows what the true configuration
looks like. The points in each panel are labelled 1 through 9 followed by A. This labelling
reflects the order of magnitude of the uncertainty parameters associated with each point.
Point 1 has the lowest value, while point A has the highest. The minimum stress values
obtained by KYST in each simulation is shown in Table 3.

From the seven recovered configurations, shown in Figure 7, it is quite evident that
the KYST solution degenerates considerably as the level of o increases. When the level of
op is quite high, the recovered configuration bears no resemblance to the true configur-
ation. What actually happens is that the higher numbered points, those assigned higher
uncertainty values, gradually move to the outside of the recovered configuration, while
the remaining points gradually move toward the center. (The delta symbol in Figure 7
designates a multiple point, in this case points 1 and 2.)

These results show in a more extreme form what was discernible in the previous two
examples. When the uncertainty value of a point is large, its location in the configuration
recovered by a nonmetric algorithm is determined almost entirely by the magnitude of its
uncertainty value, not by its actual position in the true configuration. The recovered
configuration, therefore, need not bear any resemblance to the actual configuration, And,
as shown in this example, the recovered configuration can degenerate considerably if the
range of uncertainty values is large enough.

It may be useful to comment briefly on the effects of using (3) to calculate the ex-
pected values for this example. As indicated previously, this equation can only be con-
sidered accurate when D, is large. It might be thought, therefore, that the inaccuracies of
(3) would contribute to the degeneracies observed at the higher uncertainty values, when
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Dj; is small. Actually, just the opposite is the case. The use of this equation slows down
the rate of degeneracy, because it underestimates the expected value when the uncertainty
values are large. For example, when D;; = 1.414, ¢; = 5 and g, = 10, (3) gives 13.75 for the
expected value, while the value obtained from direct numerical integration equals 14.02.
Thus, more accurate estimates of the expected value of the interpoint distances would
actually speed up the rate of degeneracy, because points having large uncertainty values
would move to the periphery of the space sooner.

The stress values shown in Table 3 illustrate another aspect of the nonmetric solu-
tions. The degree of recovery is not always monotonically related to the stress values
obtained. When the configuration has 10 points, the value of stress, as shown in rows one
and two of Table 3, initially increases as the level of g5 increases, but eventually decreases.
This same general tendency can be seen in the third and fourth rows of Table 3, for the 15
point configuration, except that the reduction of the stress does not occur until higher
levels of o are reached. It appears likely that the stress values for the 20 point configur-
ation, reported in the last two rows of Table 3, would also have exhibited this same
nonmonotonicity property had higher values of g5 been explored. Thus, the stress values
of the nonmetric algorithms do not always provide a reliable clue as to the accuracy of
the recovered configuration. Degenerate solutions apparently can have lower stress values
than solutions which are substantially closer to the true solution.

These results have implications for simulation studies that use the Hefner model to
generate “error”. If nonmetric algorithms are used to estimate the coordinates of a multi-
dimensional configuration, then the recovered configuration should not be expected to
represent accurately the true configuration, even if large sample sizes are used. The correct
approach, we believe, is to use an estimation procedure that is appropriate to the model
under consideration. In the case of the Hefner model, this means using a procedure that
takes into consideration the nonmonotonicity properties of that model. The ML esti-
mation procedure is one such procedure.

It is interesting to note what the Young-Householder [1938] metric solution looks
like when applied to the simulated data of this example. The metric results are almost
precisely the same as the nonmetric ones. The metric solutions degenerate precisely in the
same way as do the nonmetric solutions when the level of uncertainty increases. Fur-
thermore, the eigenvalues obtained do not provide a reliable clue as to the dimensionality
of the actual configuration. The larger the uncertainty values, the more the eigenvalues
tend to approach each other. Thus, the Young-Householder metric approach does not
seem any more suitable for estimating the parameters of the Hefner model than does the
nonmetric approach.

8. Conclusion

Simple procedures have been described for obtaining maximum likelihood estimates
of the parameters in the Hefner model. These procedures involve various simplifying ap-
proximations of the likelihood function and simple expressions for obtaining the starting
values of the ML iterations. From the results of the simulations reported, it appears that
the ML estimates of the coordinates are reasonably accurate, even for the incomplete,
unreplicated set of data considered. The estimates of the variances, however, appear to be
considerably less accurate. What is needed, evidently, is a systematic study of the small
sample properties of the ML estimates.

The question of determining the dimensionality of the stimulus space has not been
specifically discussed. Likelihood ratio tests can be used for this. Such tests are quite
simple and straight-forward. What is not so simple is the question of power. A systematic
study of the power of the test for small sample sizes would be especially desirable.
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